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Energy Levels and Line Intensities of Diatomic Molecules.
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Calculation of rotational level energies and line intensities of diatomic molecules and its application to
alkali metal diatomic molecules are reported. The effects of spin—orbit interaction, rotational interaction, spin—
rotation interaction, spin—spin interaction, hyperfine interaction, and Zeeman interaction are considered.

The advent of a tunable narrow line laser opened a
new world of high resolution spectroscopy.!? In addi-
tion to level energies, line intensities and line shapes
became useful to study the molecular structure and the
dynamics. Alkali metal diatomic molecules have the
absorption bands of electronic transitions in the visible
region, and have been used to invent new methods of
laser spectroscopy. An appropriate molecule can be cho-
sen from a series of alkali metal molecules depending on
the scientific interest. Alkali metal molecules are very
useful to study the dissociation dynamics because the
dissociated atoms have the radiative transition (such as
the D; and D» lines) in visible. The quantum mechan-
ical calculation of the energy levels and line intensities
is essential to study the molecular spectra. Very good
books®~® on this subject have been published, but it
is now important to get the formulae which include the
orientational quantum number. The calculation and its
application to alkali metal diatomic molecules are re-
ported in this article.

1. Rotational Energy Levels

(A) Hamiltonian. The Hamiltonian for a rotating
diatomic molecule in the absence of an external field can
be written in the form

H = H, + H, + H;, (1)

where H, is the electronic part, and H, is the vibrational
part. The rotational part H, is written as®

H: = B[(Js = Lo — S2)* + (Jy — Ly — Sy)°]
B[(J? = J.%) + (I* = L}) + (8% - 52)
+(L48— +L-84) — (J4L_ + J_Ly)
—(J4 8-+ J_S)], (2)

where B=#/2/2uR?, 1 is a reduced mass, and R is an
internuclear distance. The rotational angular momen-
tum is expressed as the total angular momentum (J)
minus the electronic orbital and spin angular momenta
(L and S). Jy=JyxiJy, Ly=Ly+il,, Sy=25,%iS,,
and the suffixes £ and y denote the components of the
molecule-fixed coordinates, and the z axis is along its
internuclear axis. In a diatomic molecule, only the z
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component of the electronic orbital angular momentum
is a constant of the motion because of the electrostatic
interaction between the electrons and the axial field.

(B) Basic Functions. As a set of basis functions,
we use wave functions of simple products, |A>|SX>|v>
|J2M >. The function |A>|SE>|v> is a wave function
for a nonrotating molecule, where A and X represent the
projections of the total electronic orbital and total elec-
tronic spin angular momenta along the molecular axis,
respectively, and v represents the vibrational quantum
number. All of these are expressed in molecule-fixed co-
ordinates. The wave function |Jf2M > of the rotational
part is expressed as®

|JOM >= (-)M2[(27 +1)/(87*)])"/*D! yy_a,  (3)

where the quantum numbers J and M specify the total
angular momentum and its projection along the labora-
tory-fixed Z axis, respectively, and 2=A+%. We shall
always use the representation of the rotation group, the
angular momenta, the coupling coefficients and tensors
defined by Brink and- Satchler.?

(C) Matrix Elements of Angular Momenta.
The nonvanishing matrix elements of the components
of the spin angular momentum operator S and the or-
bital angular momentum operator L are the following:

< 8X|8%SE >=S8(S +1),

< 8%|S.|88 >= %,

< ST +1|84|8E >=[(SF E)(S+ X +1)]"/?
=[S(S+1) - Z(Z £1)])?,

< LAIL’|LA >= L(L + 1),

< LA|L.|LA >= A,

< LA+ 1|Li|LA>=[(LF A)(L+ A+ 1)]"/?
= [L(L + 1) — A(A£1)]*2. (4)

When electrons are in Rydberg orbitals, L is a good
quantum number. In general, electrostatic interactions
between the electrons and the axial field of a diatomic
molecule are large. Hence, electronic wave functions are
not eigenfunctions of L?, and L is not a good quantum
number. A is a good quantum number of L,, and the
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wave function of the electronic orbital part is expressed
as |A>. The nonvanishing matrix elements of the total
angular momentum J are similar, but the matrix ele-
ments of Jy are different. We must be careful on this
somewhat surprising difference in behavior of J from L
and §.>19

< JTPIR >=J(J + 1),

< JR|IN >= 0,

<IRF1UIL)IN >=[J £ 2)(J F 2 +1)/?
=[J(J+1)-2@QF1)]V2 (5)

| JI2M > defined by Eq. 3 satisfies the relation of Eq. 5.

(D) Spin-Orbit Interaction. The operator of
the spin—orbit interaction is represented by AL-S or
3=:€(ri)li-si, where I; and s; are operators representing
the electronic orbital and electronic spin angular mo-
menta of the i-th electron. The operator

Heo = AL-S (6)

is used to compute spin—orbit splittings within a given
spin multiplet. The operator

Hyo = Z{(Ti)lrsi (7)

must be used to compute the interaction between states
belonging to different S or L values. Matrix elements of
AL-S are®

< S| < A|JAL-S|A > |SE >= AAZ,
< ST < A|JAL-S|A" > |8'2 >=0
if [A>|SE>#£ (A >85> . (8)

(E) Molecular States Obtainable from the
Union of Two Atoms. Possible electronic configura-
tions resulting from the union of two atoms in specified
states can be obtained by applying the general rules.'?

If the molecules can be described in terms of Hund’s
coupling cases (a) and (b), the electronic states derived
from specified atomic states of the same element are

[A]: 'zf, 3st for 2S+%S,

[B]: Mg, M, M., M., 'S, °%f, 'of, st
for 2P +28,

[C]: M, °I, 'M, °I., 'S, 35, 'st, °sf,
Ag, 30g, *Ay, 3A, for 2D 478,

and those of different elements are

[A: =t 3%t for ?S+7S,
[B']: ', °m, 'zt 3%t for 2P +7%S,
[C]: ', %m, 'zt 3%t A, A for 2D 43S.

Simple molecular orbitals for homonuclear diatomic
molecules formed from pairs of atomic orbitals are
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Fig. 1. Energy diagram for molecular orbitals of

a homonuclear diatomic molecule and the electron
configuration in the ground state of alkali metal
molecules. ns—np mixing is neglected.

ous = 27/2(ns® — ns®), Ogs = 2712 (ns? + ns®),

mgp+1 = 27 '/%(np4; — np%y),

1/2(

Tup1 = 27'/%(np#; + np%,),

oupo = 27"/%(npf + np§), ogpo = 27 /%(np¢ — nps),

where np{ =np}, and npY, =F27/2(np}+inp}) for
N=A and B. The overlap integral is neglected for the
normalization. The energy diagram for the molecular
orbitals and the electronic configuration for the ground
state of alkali metal diatomic molecules are schemati-
cally shown in Fig. 1.

In the case of an alkali metal diatomic molecule of
the same element, the electronic wave functions for
group [A] are approximately expressed in terms of sim-
ple molecular orbitals as

IX'S§ > = |(0g8)(0g8)| = [0* > [0 0 >,
|23SF > ¢ |(0gs)(ous)| =0T > 11>,
[(Ged)(Tws)| = [0F > 1 - 1>,
and (2)7/?[|(0gs)(535)| + |(55) (0us)]
=0T > 10>, 9)

where factors of normalization for the determinant func-
tions are omitted, orbital (---) denotes a molecular or-
bital with spin «, orbital () denotes an orbital with
spin /3, and the last symbols denote |A>|SX >.

The electronic wave functions for group [B] are

[A'SE > = (2)7?[|(0gs)(TaP0)| — |(T%5) (0upo)|]
=0t > 00>,

[B'IL, > = (2)”"/*[|(0gs)(Tabz1)| — |(Te8) (mup1)|]
=|+£1>|00>,

b’y > : |(0gs)(Tupar)] = |+ 1> 11>,
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|(6e8) (Tapzn)| = | £1> [1 -1 >,
and (2)7?[|(0gs) (TaPz1)| + |(T8) (mup1)|]
=|£1>]10>,
12)'5F > = (2)7"/?[|(0gs)(5gPo)| — |(T28)(0gpo) ]
=10 > 00>,
[(1)°5F > : |(0gs)(0gpo)| = [0 > (11>,
|(5e8)(0gPo)| = [0F > 1 — 1>,
and (2)7"/?[|(0gs)(5ePo)| + |(T5) (0gpo)]
= 10" >|10>,
[(1)'Ig > = (2)7"/[|(0gs) (TePz1)| — |(5e8) (mgp1)]
=|£1>100>,
[(1)%Tg > : |(0gs)(mgp1)| =|£1>[11>,
|(658) (Fepzn)| = | £1> [1-1>,
and (2)7"/*[|(0gs)(TePz1)| + |(558) (mgps1) ]
= |:l: 1> |1 0>,
I°SY > ¢ |(0gs)(oupo)| = 0% > 11>,
|(528)(Gapo)| = [0F > 1 -1 >,
and (2)7"/?[|(0gs)(5aPo)| + (5a8)(oupo)|]
=0">10>. (10)

The electronic wave functions for group [C] are

ID'SE > = (2)7?[|(0gs)(0udo)| - |(T55)(0udo)[]
= 10" >100>,
[€SF > |(0gs)(oudo)| = |01 > 11>,
|(558)(0udo)| = [0F > 1 -1 >,
and  (2)7?[|(0¢s)(0udo)| + |(555)(udo) ]
=0t >[10>,
IC' L, > = (2)7*[|(0gs) (mad1)| — |(T8) (7rudis1)]
=|£1>00>,
> ¢ |(0gs)(mudar)| = |£1 > 11>,
|(0g8) (mrudx1)| = [£1 > [1 = 1 >,
and  (2)7V2[|(0gs)(ad1)| + | (T8) (mud 1) ]
=|£1>10>,
FAw > = (2)7[|(0g8) (Budzz)| — |(T55) (Budu2)]]
=|£2>00>,
PA. > : |(0g8)(6ud2)| = |£2 > [1 1>,
|(658) (Buda)| = [£2 > [1 - 1 >,
and  (2)7?[|(0gs)(Budzz)| + |(Tg5) (Buda2)]]
=|£2>10>,
13)'SF > = (2)7*[|(0gs)(0gdo)| — |(T5) (0gdo)]
= 0" >1]00>,
1(2)°SF > ¢ |(0gs)(0gdo)| = [0F > |11 >,
|(0g8) (0gdo)| = 107 > |1 - 1>,
and  (2)7"/?[|(0gs)(0gdo)| + |(55) (0gdo)]
= 0" >1]10>,
[(2)' g > = (2)7"/?[|(0g5) (Mgd1)| — |(T5) (mgd 1))

|d311,,
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=|£1>[00>,
|(2)31"Ig > ¢ |(0g8)(Mgd1)| = |£1 > |11 >,
|(68) (gds1)| = [£1 > [1 - 1>,
and  (2)7"?[|(0g8)(mgd1)| + |(T55) (Trgd1) ]
= |:|: 1> |1 0>,
"Ag > = (2)7*[|(0g8) (Bedz2)| — |(555) (5gdux2) ]
=|£2>100>,
|‘°’Ag > ¢ |(0gs)(dgds2)| =|£2> 111>,
|(0%8) (8gdx2)| = [£2 > |1 = 1>,
and  (2)7/?[|(0gs)(8gduz)| + |(055) (5gdux2)]]
=|x2>[10>. (11)

In the case of an alkali metal diatomic molecule of dif-
ferent elements, the electronic wave functions for group
[A'] are approximately expressed in terms of simple
molecular orbitals.

'St > = |(0s)(T8)| = |07 > [0 0 >,

PS> & |(os)(os*)| =0T > |1 1>,

|(8)(os)| = [0 > |1 - 1>,
and (2)7*/?[|(0s)(0s)| + |(T5)(0s™)[] = [0* > (10> .
(12)

The electronic wave functions for group [B'] are:
I'=* > = (2)7*[|(0s)(oPo)| — |(T8)(opo)]
=1[0*>00>,
PE* > ¢ |(os)(opo)| =107 > 11>,
|(09) ()| = 0% > 1 -1>,
and (2)”"/?[|(0s)(oPo)| + |(T5) (opo)]
=0t >[10>,
' > = (2)7%[|(0s)(FPE1)| - |(58) (mp1) ]
=|£1>1(00>,
PII > : |(os)(mp+1)| = 1> |11 >,
|(o8)(mp=1)| = |£1 > |1 -1 >,
and (2)”"2[|(os)(Tz1)| + | (T8) (mp1) ]
=|£1>]10>. . (13)
(F) Eigenfunction and Eigenvalue. The eigen-
function and eigenvalue can be obtained by solving the
secular equation composed of the matrices for H=H.+

H,+ H,+ Hy, in terms of the basis set |A>|SEX>|v>
|JR2M >.

i) 13+ State.  Matrix element for a !X+ state,
whose basis set function is |07 >|00>|v>|JOM >, is
given by

< JOM| < v| < 00| < 0" |H|0F > 00 > [v > |JOM >
=E+By[J(J+ 1)+ < L] >], (14)
where E represents the vibrational-electronic energy,
B,=<wv|B|v>, and <L? > is the matrix elements of

(L?>—L2). The eigenfunction for a level of the state
Iyt is
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'StoJM >= (07 > 100 > [v > [JOM > . (15)
The eigenvalue is
E('STvJM) = E+ B,[J(J + 1)+ < L} >]. (16)

ii) 'TI State. = Matrix elements for a 'II state,
whose basis set functions are [1>|00>|v>|J1M > and
|-1>]00>|v>|J—1M >, are given by
< JIM| < v| < 00| < 1|H[1 > [00 > |[v > [J1M >

=E+B,J[J(J+1) -1+ < L] >],
< JIM|<v|<00|<1|H|-1>00> |v>|J—1M >
=0,
<J—-1M|<v|<00|<-1|H|=1>1[00> |v> |J —1M >
=E+B,[J(J+1) -1+ < L} >]. (17)

The eigenfunctions with a well-defined parity for levels
of the state II are

MI+oJM >=2""2(]1> (00> |v > |[J1M >
£/ -1>100> |v>|J—1M >). (18)

The eigenvalues are

E(N+vJM)=E+B,J[J(J+1) -1+ < L2 >]. (19)

iii) 3£+ State. = The symmetric matrix elements
for a 3T+ state, whose basis set functions are |07 >|11>
[v>|J1M>, |0t >]10>|v>|JOM >, and [0F>[1-1>|v>
|J—1M >, are given by
< JIM| <v| < 11| < 0F|H|0T > |11 > |v > |JIM >
=E+ B,[J(J + 1)+ < L} >],

< JIM| < v| < 11| < 0*|H|0T > |10 > |v > [JOM >
= —B,[2J(J + 1)]*/?,

<JIM|<v| <11 <0t |H0T > [1-1>
lv>|J—-1M >=0,

< JOM| < v| < 10| < 0F|H|0Y > |10 > v > |JOM >
=E+ B,J[J(J+1)+2+ < L2 >],

< JOM| < v| < 10| < 0F|HI0T > [1—-1>
[v > |J — 1M >= —B,[2J(J + 1)]*/2,

<J-1M|<v|<1-1<0MHOT >1-1>
[v>|J—1M >=E+ B,[J(J+ 1)+ < L} >]. (20)

The eigenfunctions for levels of the state 3L+ are

PEtoN =J+1JM >
=[J/227 + D210 > 11> |v > |[JIM >
HOt > 11> v>|J-1M >)
~[(F+1)/2J + 1)]*?)0T > |10 > [v > |JOM >,
PEtoN = JIM >
=2712(j0* > 11> jv > |JIM >
=0t > 1-1>w>|J-1M >),
PotoN =J-1JM >

Hajime KATO
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=[(J+1)/22J + D)]"2(0* > |11 > [v > |[JIM >
Ot >1-1> > |J—1M >)

+[J/@2J +1)]V210% > |10 > [v > [JOM >,  (21)

where N is the rotational quantum number. The eigen-
values are

ECEtoNIM) = E+ B,J[N(N+ 1)+ < L2 >]. (22)

The symbols Fy, F,, Fs refer to states of J=N+1,
J=N,J=N-1.

iv) 3IT State. The nonvanishing symmetric matrix
elements for a 3II state, whose basis set functions are
1>]1-1>]v>|JOM >, [1>]10>|v>|J1M >, [1>]11>
[v>[J2M >, |-1>[11>|v>|JOM >, |-1>[10>|v>|J —
1M >, and |—-1>|1-1>|v>|J—2M >, are given by

<JOM|<v|<1-1<1H|1>1-1>|v>|JOM >

=E—-A+B,J[J(J+1)+1+ < L] >],
<JOM|<v|<1-1<1H|1> 10> |v > |JIM >
= —By[2J(J + 1)]"/%,

<JIM|<v|<10| < 1|H|1 > |10 > |v > |[JI1M >

=E+B,J[J(J+1)+ 1+ < L3 >],

< JIM| <9 <10| < 1|H|1 > |11 > |v > |J2M >

= —B,[2(J +2)(J - 1)]*/?,

<2M| <o < 11| < 1H]1 > |11 > |v > |J2M >

=E+A+B,[J(J+1) -3+ < L} >],

<JOM| <o <11| < =1|H|=1> |11 > |v > |JOM >

=E—-A+B,J[J(J+1)+1+ < L} >,

<JOM|<v| <11 < -1|H|-1> |10 > |v >

|J — 1M >= —B,[2J(J + 1)]"/?,
<J-1IM|<v|<10| < -1|H|—-1> |10 > |v >
|J—1M >=E+ B,[J(J + 1) + 14+ < L} >],
<J-1IM|<v|<10|<=1H|-1>]1-1>|v>
|J —2M >= —B,[2(J + 2)(J — 1)]*/?,
<J=-2M|<v|<1-1<=1H|-1>1-1>|v>
|J—2M >=E+ A+ B,[J(J+1) -3+ < L] >],
(23)
where A is the spin-orbit coupling constant defined by
Eq. 6.
In case of A>B,J (Hund’s case (a)), the eigenfunc-
tions for levels of the 3II state are
Plo+vJM >=2"2(1>|1-1> |v > |JOM >
H-1>|11> |v > |JOM >),
P £ 0JM >=2"Y3(1> 10 > v > |JIM >
H-1>10> v >|J-1M >),
Py £vJM >=2"2(1> |11 > jv > [J2M >

H-1>1-1>v>|J—2M >). (24)

The eigenvalues are
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E(Ily £ vJ M)
=E—-A+B,J[J(J+1)+1+ < L] >],
ECIL £ vJM)
=E+B,J[J(J+1)+ 14+ < L] >],
E(Tz £ vJM)
=E+A+B/JJ(J+1)-3+< L3 >]. (25

In case of B,J>A (Hund’s case (b)), the eigenfunc-
tions for levels of the 3II state are

PO+ oN = JJM >= (2)"?PI £ vJM >
+[J(T+D)]7V2P £ vIM >
—[(J = )T +2)/2J(J + D]*PI2 £ vIM >,
PO+oN=J—-1JM >
= [(J - 1)/2(2J + D]?]*Ilp £ vIM >
+[(J = )T +1)/J@2J + D)]Y?PI £ vIM >
+(J + 1)(J +2)/2J(2J + D]V?]PIl, £ vIM >,
PI+oN=J+1JM >
= [(J +2)/2(2J + D]?]°Ilp £ vIM >
—[JJT+2)/(J +1)(2J + D] ?PIL £ vIM >
+[J(J - 1)/2(J + 1) (2T + )] *PIy £ vIM > .
(26)

The eigenvalues are
ECI+uvNJM) =E+ B,[N(N +1) — 14 < L3 >]. (27)

(G) Symmetry Properties of the Rotational
Energy Levels.>!?
i) Even (+) Parity and Odd (-) Parity. The rota-
tional levels of all diatomic molecules are called to be of
even (+) parity if the corresponding complete molecular
wave functions are invariant to laboratory-fixed inver-
sion operator I, and to be of odd (—) parity if the wave
functions transform into their negative. The geomet-
ric symmetry operation o,(zz) represents a reflection
through the molecule-fixed zz plane. When o,(z2) is
applied to all (electronic, vibrational, and rotational)
variables, it is equivalent to the laboratory-fixed inver-
sion I. The effect of the operation o, on the basis set
wave function is

ou|A>|SE > v> |JRM >= (_)3—A+S—Z+J—.Q
X|—A>|S=X2>v>|J—2M >, (28)

where s=1 for ¥~ states, s=0 for all other states. £+
and £~ are defined as 0,|Et >=+|Zt>, 0,|T" >=
—Z" >. For example, |Et >=[my;(1)m_1(2) +
(D ()/(2)Y2, and 57 >= [y () (2) -
n_y (D (2)]/(2)2.

The Hamiltonian H=H.+ H,+ H, is invariant under
the symmetry operation o,. States of a definite parity
transform into themselves or into their negative under
this operation. Functions of the form
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[A>[SE>u>|JAM>+|-A>|S=Z>|v>|]J- QM >
' (29)
have a definite parity as,

ou[|A > |SZ > |v> |JRM >
+H-A>|S=Z>v>|J-N2M >]
= (=) M IR S 198 > v > |TNM >
H-A>|S=Z>v>|J-02M >],
ou[]A > |SE > |v> |JRQM >
—|—A>|5-2>v>|]-2M >]
= (=) M2 S 188 S v > |TOM >
—|=-A>|5-E>v>|J-02M >].

For example,
1%+ 107 >|00>|v>|JOM > is parity even (+) for even
J, parity odd (—) for odd J.

M (1>00>|v>|JIM >+|-1>]00> |v > |J —
1M >)/2'/2 is parity even (+) for even J, parity odd
(=) for odd J. (|1>|00>|v>|JIM >~]|-1>|00>|v>
|J —1M >)/2'/2 is parity odd (—) for even J, parity
even (+) for odd J.

3%+ 3ZtuN=JJM > is parity even (+) for even J,
parity odd (=) for odd J. |?£*uN=J+1JM > and
3%+ uN=J—-1JM > are parity odd () for even J, par-
ity even (+4) for odd J.

S (I>1—-1>ov>|JOM > —|-1>|11>|v>
[JOM >)/21/2, (1>]10>|v>|J1IM > —|—1>|10>|v>
[J—1M>)/2' 2, (1>[11>|v>|J2M > —|-1>]1-1>
|v>|J—2M >)/2'/? are parity even (+) for even J, par-
ity odd (=) for odd J. (|1>]|1-1>|v>|JOM >+|—1>
11> |v>|JOM >) /212, (1>]10> |v>|[JIM > +|—-1>
[10>|v>|J—1M >)/2Y2, (1> [11>|v>|J2M >+|-1>
|1—-1>|v>|J—2M >)/2!/? are parity odd (—) for even
J, parity even (+) for odd J.

ii) Labeling (e) and (f) of Parity Doublet Lev-
els.  For molecules with an even number of electrons
(integral J), levels with parity +(—)’ are called e lev-
els, and levels with parity —(—)” are called f levels,
where J is the quantum number for total angular mo-
mentum, omitting nuclear spin. For molecules with an
odd number of electrons (half-integral J), levels with
parity +(—)7~%% are called e levels, and levels with
parity —(—)7 7% are called flevels. For example,
1%+: elevel for all J.

M (1>00>|v>|JIM >+|—1>[00> |v>|J —
1M >)/21/2 is e level for all J. (J]1>]00>|v>|J1M >
—|=1>]00>|v>|J—1M >)/2'/? is flevel for all J.

3%F: BEtyuN=JJM > is e level for all J. PLtoN=
JJ+1M > and |3EtuN=JJ—1M > are f levels for all
J.
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M: (1>1-1>v>|JOM >
—|=1> 11> |v> |JOM >)/2'/2
(1>110> |v>|JIM >
—|=1>10>|v>|J—1M >)/2"/?, and
>11>Jv>|J2M >
—|=1>1-1>|v>|J—2M >)/2'/?

are e levels for all J.

(ji>1-1>Jv>|JOM >
+ =1> 11> |v > [JOM >)/21/2,
(J1>010> |v>|J1M >
+=1>10>|v>|J - 1M >)/2'/2  and
(1>11>|v>|J2M >
H=1>1=1>|v>|J—2M >)/2'/?

are f levels for all J.

ili) Symmetric (s) and Antisymmetric (a).
The rotational levels of homonuclear diatomic molecules
are said to be symmetric (s) if the corresponding com-
plete molecular wave functions are invariant to permu-
tation P of identical nuclei. They are antisymmetric (a)
if the wave functions transform into their negative.

The geometric symmetry operation Cy(y), when it is
applied to all variables, is equivalent to the permutation
P of two identical nuclei, and

Ca(y) = ou(z2)i. (30)

In a homonuclear diatomic molecule, the subscript u is
indicated if the electronic orbital wave function changes
the sign by the molecule-fixed inversion operation 4, and
the subscript g is indicated if it is invariant.

t|LAg >= +|LAg >, i|LAy >= —|LA, >, (31)
i|SE >=+|S¥ >, i|J2M >= +|J2M > .

iv) Influence of Nuclear Spin. In a homonuclear
diatomic molecule, the nuclear spin functions are sym-
metric for odd I and antisymmetric for even I, where
I is the nuclear spin quantum number. Since the total
wave function must be antisymmetric for nuclei of half-
integral spin, the nuclear spin states of even I values are
possible for the symmetric rotational levels and those of
odd I values are possible for antisymmetric rotational
levels.

122— 12:-
J
3 (-)e — a — s
2 (+)e — s — a
1 (-)e — a — s
0 (+)e — s — a
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ng lHu
J
3+ (-)e — — s
- #Hf — s — a
24 (He — s —
- — a — s
1+ (-)e — — s
- Hf — s —
32; 32;0-
N J
$ () — a —
3.3 (-)e — a —
2 ) — a —
3 (Hf — — a
2 2 (H)e — — a
1 (Hf — — a
=) — a —
1 1 (-)e — a —
0 )f — a —
1 ()f — s — a
0
3Hg 3Hu
In case (a)
J n
24+ (H)f — s —
- (=)e — a — s
3 1+ Hf — s —
- (=)e — a — s
o+ (v)f — s —
- (=)e — a — s
2+ (=)f — a — s
- W — s —
2 1+ (=)f — a — s
- (+)e — s — a
0+ (=)f — a — s
- (H)e — s — a
1 1+ (Bf — s —
- (=) — a — s
o+ (Hf — s —
- (=)e — a — s
0 0+ (-)f — a — s
- (e — s — a

2. Rotational Line Intensities

(A) Transformation between the Laboratory-
Fixed System and the Molecule-Fixed System,
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and the Rotational Wave Function. The spherical
components of the laboratory-fixed coordinates R (X,
Y, Z) and the molecule-fixed coordinates r (z, y, z) are
defined as ’

Ri1 = F(X £1iY)/2Y/2,
r 41 = F(z £iy) /2",

The transformation between the laboratory-fixed sys-
tem and the molecule-fixed system can be expressed by
the rotation matrix Dy, (see Appendix A.3). The co-
ordinates R and r are related by the following equations
(see Appendix B):

Ry = Z,

To = Z.

(32)

(_))‘_tD}-A—tTh
t=0,+1 1 (33)

R, =

The matrix element of the laboratory-fixed R) compo-
nent of an electric dipole moment g can be calculated
as

< ASEvIQM|ur, |A'S'ZW T Q' M >
= > (<o < Alpr A > ' >
t=0,%1
X < SZ|8'% >< JQM|DLy_,| T 2'M' >
ST <l < Alpr, A > ' >
t=0,+1
x855: 655 (=)™ =¥ [(2J + 1) + 1)]'/?

J J 1 JJ 1
where the last two factors with parentheses are the
Wigner 3-j symbols.

(B) Transition Dipole Moment between Rota-
tional Levels.
i) 1X+-13+ Transition. The nonvanishing matrix
elements of the transition dipole moment between 'L+
and !Xt states are

<'stoiMpr_ 'STVI+I M +1>
(J+M+1)(J+M+2)]l/2
227 +1)(27 + 3)
< 'STIMpg 'StV I +1 M >
(J+M+1)(J-M+1)]Y2
—H [ (27 +1)(2J +3) ’
< 'S vIMur,, 'StV I I M -1 >
(J-M+1)(J-M+2)71"?
=TH [ 2027 + 1)(2J + 3) '
<'stoIMpr_ 'ETVI -1 M+1>
(J-M-1)(J-M)]"/?
=“"[ 227 - 1) (2T +1) ] '
<'StoIMpr, 'StV I -1 M >
_ (J+M)(J—M)]‘/2
QI-1n@EJ+nl
<'SYvIM|pr,, 'SV I -1 M -1>

b

= —H
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(J+ M —1)(J+ M)|?

= [ 2T DI+ | (35)
where
i =< v < 0| |07 > 0’ > (36)
J+1 e
12+
J —— @
J-1 e
124-
J e

ii) 1X+-1II Transition. The nonvanishing matrix
elements of the transition dipole moment between 1+
and I states are

<'stoIMpr_ "I+ J+1M+1>

— [(J+2)(J+M+1)(J+M+2) 1/2
i 2(J +1)(27 +3)(27 + 1) ,

<'SYoIM|pr, T +v'J+1 M >

_ [(J+2)(J+M+1)(J—M+1) 1/2
T+1)(2T+3)2T +1) ’
<t Mpr,, 'T+v T +1 M -1>
(J+2)(J =M +1)(J - M +2)]"?
+ [ 20+ 2T +3)2I+1) |
<'SYoIMpr_ T -v'J M+1>
(J+M+1)(J - M)]?
e [ 2J(J+1) '
< l§3+1)JM|,un(,|1II —v'JI M >
= pLM/ I +1))2,
<o M|pr,, "I -0 M —1>
(J+M)(J-M+1)]'?
THL 2J(J+1) ] ’
<'sYoIMpr_ 'T+v'J -1 M+1>
[(J=1)(J = M = 1)(J — M)]"/?
TR I -] ] :
<'ST0IM|pre|TTT+0'T —1 M >
[(J — 1)(J + M)(J — M)]*/?
THATIRIFD@I- D ] ’
<'SYoIM|pp, "I+ T -1 M -1>

(J = 1)(J+ M)(J+ M —1)1?
=HpL , (37)
| 27T+ 1)(2T 1)
where
pr = <o <0M|u_, 1> >
<v| <0t gy, | 1> ' >. (38)
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iii) 3¥+-23+ Transition. The nonvanishing ma-
trix elements of the transition dipole moment between
3%+ and 3T+ states are

<3 cYoN =T+ 1IM|pp_PSTWN=J+2J + 1M +1>
_ [(J+2)(J+M+1)(J+M+2)]1/2
=TH 2(J +1)(2J + 3)2 ’
<*SYoN = T+ 1IM|ur |PST'N = J +2J + 1M >
_ [(J+2)(J—-M+1)(J+M+1) 1/2
=H T+1)(2J +3)2 :
<3SN = T+ 1UM|pr,, PSTo'N=J + 2 + 1M - 1>
_ [(J+2)(J—M+1)(J—M+2)]1/2
= TH 2(J + 1)(2J + 3)2 ’
<3 SYoN =T+ 1IMpr_ PSHo'N = JJ+1M +1 >

(J+ M +1)(J+ M +2)/2]*/?
(J+1)@RIJ+1)(2J+3)

<3StoN = T+ 1UM|pg, PSTo'N = JJ + 1M >
(J+M+1)(J—-M+1)]/2
T+ 1)RJ+1)(27+3)
<35oN = T+ 1UM|pr,, PSHo'N=JJ+ 1M -1 >
(J=M+1)(J—-M+2)/2]*/?
(J+1D@2J+1)(2J+3)
<3cYoN =T+ 1UM|pr_ PSTV'N =JJ - 1M +1 >
(J4+1)(J - M-1)(J = M)/?
=Hi| 2J(2J + 1)2 ] ’
<3SYuN = J + 1UM|pr,PSTV'N = JJ — 1M >
[(J +1)(J — M)(J + M)]/?
| J2T +1)? ] ’
<35 N = J+ 1IM|pr, PETWN=JJ - 1M -1 >
[(J+1)(J + M —1)(J + M)|Y/?
= A 2J(2J +1)2 ’
<32 N = JIM|pr_ PSYYN=J+ 1T+ IM +1>

JIJ+2)(J+M+1)(J+M+2)7"2
=TH [ 2(J +1)2(2J + 1)(2J + 3) ] ’
<32 uN = JIM|pg, PST'N = J+ 1T + 1M >

_ [J(J+2)(J+M+ 1)(J - M+1)]1/2
- (J+1)2(2J +1)(2J +3)
<3sYoN = JIM|pr,, PN =T+ 1 +1M -1 >
J(J+2)(J—M+1)(J—M+2)]1/2
2(J + 1)2(2J + 1)(2J + 3)
<32YoN = JIM|pr_ PSTYN = J+1JM +1 >
= [(J+M+1)(J = M)/2J2J +1)]"? /(T +1),

=M

=

=)

’

)

=
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<35 WN = JIM|urPST'N = J + 1M >
= M/ [J(7 +17%@J + 1)
<3*sFoN = JIM|ur,,PSTYN = J+ 1M -1 >
= - [(J = M +1)(J + M)/2J (27 + D)2 /(J +1),
<3sYuN = JIM|pr_ PEYVN =T~ 1M +1 >
= [(J+M+1)(J — M)/2(J +1)(2] + D)]2 /J,
< 32T N = JIM|ug, |PSto'N = J — 1M >
= M/ [T +1)27 +1)] "
<3sTuN = JIM|ur,,PSHVN=J - 1JM -1 >
= —p [(J = M +1)(J + M)/2(J + 1)(2J + 1)]/? /J,
<32ToN = JIM|pp_ PESTYN=J - 1J - 1M +1 >
[(J = 1)(J+1)(J — M —1)(J — M)]/?
= A 2(0)2(2J — 1)(2J + 1) ] '
<3 ST N = JIM|ppoPSTWN =J - 1J — 1M >
[(J = 1)(J + 1) (J + M)(J — M)]"/?
TH T ORI - DRI+ D) ]
<3N = JIM|ug,, PETYN=J -1 - 1M -1 >
[(J—1)(J+1)(J + M —1)(J + M)|*/?
= A 2(7)2(2J — 1)(2J + 1) ] ’
<32 N =J - 1UM|ur_ PSHo/'N = JJ+ IM +1 >
[J(J+ M +1)(J+ M +2)1'/?
2(J + 1)(2J + 1)2 :
<3STuN = J - 1UM|pr,PSTW'N = JJ + 1M >
JJ - M+1)(J+M+1)]/2
—H [ (T +1)(2J +1)2 ’
<3TToN = J - 1IM|pr, Pt N = JJ+1M -1 >
JJ =M +1)(J - M+2)]1/2
2(J +1)(27 + 1)2 '
<3STON =J - 1UM|pr_ PN =JT - 1M +1>
(V- M -1)(J - M)/2]'/?
JRI-1)(2J+1)
<3SYoN = J = 1UM|pg, [*PSto'N = JJ - 1M >
[(J + M)(J — M)}/
IR neI+1)
<3SoN = J - 1IM|pr, PSHV'N =JJ - 1M -1 >
[(J+ M —1)(J+ M)/2*?
JRI-1)(@2J+1)
<3SN =T - 1IMpr_ PEH/N=J —2J — 1M +1>
[(J = 1)(J = M —1)(J — M)1"/?
| 2J(2J — 1) ] ’
<3SYON = J ~ 1UM|pr,PSTWN=J 2] - 1M >
[(J = 1)(J — M)(J + M)]*/? .
e J(2J — 1) ] ’
<32 ON=J - 1UM|pr,, StV N=J-2J - 1M - 1>

b

b

b

=M

=—m

=-u

=M

MU =D)J+M-1)(J+ M)]l/2

M 2J(27 —1)? ’ (39)
where

=< v <01 | l0T > [0 > . (40)
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N=J+1 J T £
3g+ |
N=J J m—t— e
[}
NeJ-1 3 ——tr—
TE
[} [}
I N
o
J+3 —117 ; £
N=J+2 J+2 T T e
J+1 T T £
3zt : Nt
J+2 Y B N T £
N=J+1 J+1 —+—1H—r— e
1
J i £
|
gl —f——r
N=J J — e
J-1 L £
]
J 1 £
N=J-1 J-1 e
J-2 — £
J-1 — £
N=J-2 J-2 e
J-3 £

iv) 3II-3T* Transition. The nonvanishing matrix
elements of the transition dipole moment between II
(case(a)) and 3Lt states are

<*Mo+vJM|pr_,P’STW/N=J+2J+1 M+1>
B [(J+2)(J+M+1)(J+M+2)]1/2
= AL 4027 + 1)(2J + 3)? ’
< Mo+ vIM|pr, Pt/ N=J+2J+1 M >
_ [(J+2)(J—M+l)(J+M+1)]1/2
pi 2(2J + 1)(27 + 3)2 '
<*o+vJM|pr, , PEWN=J+2J+1 M -1>
_ [(J+2)(J—M+1)(J—M+2)]1/2
e 427 + 1)(27 + 3)2 :
<3Mo — vIM|pp_,PSTVN=J+1J+1 M+1>
_ [(J+2)(J+M+1)(J+M+2)]1/2
T T+ DRI+ 1) (2T 1 3) '
< 3o —vIM|pr, LTV N=J+1J+1 M >
[(J+2)(J—M+1)(J+M+1)]1/2
T 20+ )T+ 1)(2T +3)
<*p —vJM|pr, , PTWN=J+1J+1M-1>
_ [(J+2)(J—M+1)(J——M+2)]1/2
T T DRI+ (2T +3)
<o —vIM|ur_,I’Sto'N=J+1J M +1>
(J—M)(J+ M +1)1"?
4(J+1)(2J +1) ’
< 3o — vIM|pr,’STVN=J +1J M >
= —p M/ [2(J +1)(2J + 1)]'/?,
<o —vIM|up, PEWN=J+1J M-1>
[(J+M)(J—M+1)]1/2
e ’
<o+ vJM|pr_,PSTW'N=JJ+1M+1>
(J+2) [(J+M+1)(J+M+2)]1/2
THL32T ¥ 3) T+D)ET+1) '
<o+ vIM|pry|’STW/N=JJ+1 M >
(J+2) [(J—M+1)(J+M+1)]1/2
(2J +3) 2(J +1)(2J + 1)

9’

)

.
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<o+ vIM|pp,, ’STWVN=JJ+1 M-1>
o (J+2) [(J—M+1)(J—M+2)]1/2
= 5eT+3) T+ 1)(2J+1) :
<M+ vJM|ur_,’STW'N=JJ M +1>
B [(J— M)(J+ M + 1)]1/2
T HL 4J(J+1) '
< Mo + vIM|ur, LYW N=J J M >
= pLM/20(J + )2,
<*Mo + vIM|pp,,’STVN=JJ M -1>
_ [(J+M)(J-— M+ 1)]1/2
=T 4J(JT+1) ’
<3 +vIM|pr_,PEYWVN=J] -1 M+1>
_, =1 [(J—M— 1)(J—M)]”2
THL@I 1) J(2T+1) ’
<o +vIM|pur,|’STWN=JJ -1 M >
=1 [J = M)(J+M)]1/2
THLGTo) T 2700+ 1 '
<o +vIM|up, PEWN=JJ -1 M-1>
o (J-1 [(J+M— 1)(J + M)1*/?
“HL3@I - J(2T +1) ’
<My —vIM|pr_,PETVN=J-1J M +1>
_ [(J— M)(J+ M+ 1)]1/2
TR 4J(2J +1)
< 3Mo — vIM|ur, LTV N=J-1J M >
= —pLM/[2J(2J + 1)]*/?,
<M —vIM|pp,|’STVN=J-1J M -1>
_ [(J+M)(J— M +1)1Y/?
B 4J(2J +1) :
<3Mo —vJM|pr_PTTVN=J-1J-1M+1>
. [(J— 1)(J-M— 1)(J—M)}1/2
=T 4J(2J - 1)(2J + 1) '
<3 — vIM|pr,PEtV'N=J -1 -1 M >
[(J —1)(J - M)(J + M)]1/2
2J(2J —1)(2J + 1) ’
< °M —vJMIuR+1| St N=J-1J-1M-1>
[(J )(J+ M~ 1)(J+M)]1/2
4J(2J - 1)(2J + 1) ’
< ®o + 'uJM|;LR_1|32+v'N =J-2J-1M+1>
(=D -M-1)J =M
THL T2 - 22T + ) :
< 3o 4+ vIM|pr,|PSTY'N=J -2 -1 M >
_ o [U= 1)(J—M)(J+M)]”2
THA T eI 2T+ )
<*Mo +vJM|pp,, PEStWN=J-2J -1 M-1>
(=) +M -1+ MV
THLTT2T - 22T + 1) :
<3y +vIMpr_PSTYN=J+2J+1 M +1>
_ [J(J+2)(J+M+ 1)(J+M+2)}1/2
TR T U+ DRI+ )T +3)°
<3 + vIM|pr,PETYN =T +2J+1 M >

b

)
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JI+2(J-M+1)(J+M+1)]"2
- [ (J+1)(2J + 1)(2J + 3)? ’
<3y +vIM|pp  PEtWN=J+2J+1 M -1>
JI+2)(J -M+1)(J - M+2)]"/?
+ [ 2(J + 1)(2J + 1)(27 + 3)2 ]
< —vIM|pr_,PSTWN=J+1J M +1>
(J - M)(J+M+1)1?
e [ 2J(2J + 1) ] '
< —vIM|ur,|P’STW'N=J+1J M >
= pLM/[J(2J +1)])V?,
<*M —vwIM|pr, PStTWVN=J+1J M -1>
_ (J+M)(J - M +1)1"/?
- [ 2J(27 + 1) ]
<M 4+ vIM|ur_PEYWN=JJ+1 M +1>
_ [J(J+M+1)(J+M+2)]1/2
2(2J + 1)(2J + 3)? '
<M +vIM|up,PEtW'N=JJ +1 M >
JJ-M+1)(J+M+1)]"/?
T HL [ (27 +1)(2J + 3)? J
< M +vIM|pp, PSP N=JJ+1 M -1>
JJ-M+1)(J - M+2)]"/?
2(2J + 1)(2J + 3)? '
<*Mi4+vIM|pr_PSYPW'N=JJ-1M+1>
_ J+1)(J - M =1)(J — M)|*/?
TR [ 2027 —1)2(2J + 1) ] '
<M 4+ vIM|up,PEtWN=JJ -1 M >
U =M+ M)] 1/2
(27 = 1)2(2J + 1) ’
<’ +vJM|pr,,’STV'N=JJ -1 M -1>
B J+1D)(J+M-1)J+ M)
T [ 2(27 —1)2(2J + 1) ] ’
<M —vJM|pp_,PSTW'N=J-1J M+1>
(J—M)(J+M+1)]"?
= ThL [ 27 +1)(27 + 1) :
<3 —vIM|pg,PLTV'N=J-1J M >
= —pL M/ [(J + 12T + D2,
<°M - vJMpr,, PSPV N=J-1J M -1>
[(J+ M)(J - M+1)1Y2
el IO S TCN ) :
< +vIMpr_PEtWN=J-2J -1 M +1>
((J = 1)(J+1)(J = M —1)(J - M)]/?
| 2J(2J — 1)2(2J + 1) ]
<*I + vIM|pg, LTV N=J -2 -1 M >
[ =D+ 1) - M)+ M)?
el | J2T—1)2(2J + 1) :
<’m +vJMpr, PSP N=J-2J -1 M-1>
[(J=D)(J+1)(J +M=1)(J + M)]*?
Bl | 27(2J — 1)2(2J + 1)
<* +vIMpr_PEYVWN=J+2J+ 1M +1 >
[J(J = 1)(J+M+1)(J+ M +2)1*/?
TR T+ DRI+ D)(2T + 3)2 ] ’

b

k)

|

b

k)

?

Hajime KATO

[Vol. 66, No. 11

<My +vIM|ur,PLTv'N = J +2J + 1M >

JI-1)J-M+1)(J+M+1)]"/?
2(J +1)(2J + 1)(2J + 3)? ’

<’my+vJM|pup,,PEtW'N=J+2J+1M -1 >

B J(J -1)(J =M +1)(J - M +2)1/2

= HL [ AT+ 1)(27 +1)(27 + 3)2 ] ’
<My —vIM|pr_PEW'N=J+1J+1M+1>

JI-D)J+M+1)(J+M+2)7"?
s HL [ 4T+ 1227 +1)(27 + 3) ] ’
<3y — vIM|ugyPSTo'N = J +1J + 1M >
J(J - 1)(J—M+1)(J+M+1)]‘/2
2(J +1)2(2J +1)(2J + 3)
<’ —vIM|up,’STV'N=J+1J+1M -1 >
JJ =1)(J - M+1)(J - M+2)]"/?
AL [ AT+ 1227+ 1)(2T +3) ] ’
<3 —vJM|pr_, PSPV N=J+1J M +1>
(J-1DJ+2)(J - M)JT+M+1)]"/2
=R [ 4J(J+ 122 + 1) ] :
<’y —vJM|ug, LT N=J +1J M >
J-1)IT+2) 17

=-mM [2J(J+ 1)2(2J+1)} ’
< —vIM|pup, PEWN=J+1J M -1>

_ (J=1D)(J+2)(J+M)(J-M+1)1"?

e [ 47T+ 1227 +1) ] ’
<Oy +vIM|pr_PEtW'N=JJ+ 1M +1>
JI=1)(J+2)(J+M+1)(J+ M +2)]"?

4(J +1)2(2J +1)(2J + 3)? ’
<M + vIM|ur,PLTv'N = JJ + 1M >
, JUJ =T +2)(J -M+1)(J +M+1)]?
=R [ 2(J + 1)2(2J + 1)(2J + 3)2 ] ’
<°*M +vIM|up,,’STV'N = JJ + 1M -1 >
N JI=D)J+2)(J-M+1)(J - M+2)]"?
4(J +1)2(2J + 1)(2J + 3)2 ’
<*U+vIM|ur_PSTWN=JJ M+1>
(J=1)(J+2)(J = M)(J+M+1)1"?
=R [ 40T +1)2 ] ’
<3Oy +vIM|up,’LtW'N=J J M >
J-1)(J+2)1"?

=M [(2J2(}(+ 1)2) :
<’y +vJM|pp, PEW'N=J I M-1>

[ =D +2)(J + M)(J - M+1)]?

| 4J2(J + 1)2 ] ’
<*Hy+vIM|pr_ Pt/ N=JJ - 1M +1>

(J-1D)(J+D)J+2)(J - M -1)(J - M)]*/?
| 4J2(27 — 1)2(27 + 1) ] ’
< *Uy + vIM|ug, [P STV'N = JJ — 1M >
[(J = 1)(J + 1)(J +2)(J — M)(J + M)1*?

il 272(2J — 1)2(27 + 1) ] :

<*My + vIM|pp, PV N=JJ - 1M -1 >
(J=1)(J+D(J+2)(J + M =1)(J + M)]/?
| 42(27 — 1)2(27 + 1) ] :

.

= —HpL )

|

o
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<3My —vIM|pp_,PSPWN=J-1J M +1>
_ (J=1)(J+2)(J - M)(J+M+1)]2
TR [ 42(J+1)(2J +1) ] '
<3y — vIM|up,PST'N=J-1J M >
[ (J-1)(J+2) ]1/2
22(J+ 12T+ 1)
<%y —vJM|pp, P N=J-1J M~-1>
[(J —1)(J +2)(J + M)(J — M +1)]/?
A 472(J +1)(2J + 1) ] ’
<3y —vIM|pp_PEYWN=J-1J - 1M +1>
(J+1)(J+2)(J - M)(J-M-1)1"2
| 4J2(2J + 1)(2J = 1) ] ’
<3y — vIM|ug,PLtv'N=J - 1J - 1M >
o [UHADU 2 = M)+ M)] 1/2
I 2J2(2J +1)(2J — 1)
<My —vIM|up, P2 N=J-1J-1M -1>
U+ T+ M+ M -1)1?
el 42(2J — 1)(2J + 1) ]
<’y +vIMpr_,|’STW'N=J -2 - IM+1>
[+ +2)J - M -1)(J - M)]?
el 47(27 + 1)(27 — 1)2 :
<My + vIM|ug, LT/ N=J - 2J - 1M >
[+ DT +2)(J = M)(J + M)?
THAL T 2RI - 1)2 (2T + 1) ]
<*y +vIM|pp, PST'N=J-2J-1M - 1>

k)

k)

R

_ F(J+1)(J+2)(J+M-—1)(J+M)]1/2 (41)
B 4J(2J - 1)2(27 + 1) '
where
+ ’
pr o= <o <1pry, |07 > 0" >
= <ol < =1pr_, 0T > ] >. (42)
3I'I° 3[11 3"2

J - e e e
J + £ £ £
3y+

J+3 £ £ £
N=J+2 J+2 e e e

J+1 £ £ £

J+2 £ £ £
N=J+1 J+1 e e e

J £ £ £

J+1 £ £ £
N=J J e e ]

J=-1 £ £ £

J £ £ £
N=J-1 J-1 e e e

J-2 £ £ £

J-1 £ £ £
N=J-2 J-2 e e e

J-3 £ £ £

(C) Selection Rules. The selection rules for the
matrix elements of the electric dipole moment are®

AJ =0, 1 with the restriction J = 0«/—J =0,

(+)<——>(—) (6*—-—*ffOI‘AJ=0, e «— e and
f e ffor AJ = £1),
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S8, a+—a, g+ U
In Hund’s cases (a) and (b)

AR =0, +1,
ot Tt T %7, AS=0.

3. Spin—Orbit Interaction

(A) Matrix Elements of Spin—-Orbit Interac-
tion.  The spin—orbit Hamiltonian of Eq. 7 can be
written as

Hyo = Zs(n)[(lﬂs_.' +1-i54i)/2 4 L2is2i) (43)

The matrix elements of Hy, for various electron config-
urations were calculated by Kovacs.!® Let us calculate
the spin—orbit matrix elements for the electronic states
of group [B] expressed by Eq. 10. Only the states hav-
ing the same g or u symmetry can interact. By omitting
the suffixes g and u, we shall use the following configu-
ration representation for the electronic states of group
[B].

'stot>=0t>0 0>

= (2)7"*[|(0s)(TB5)| - |(35) (opo)l],
Pot+1> = (0% > |1 1>=](0os)(op,)l,
Pot—1> = |o* > |1 -1 >=|(58)(cPo),

Pto>=0t>|1 0>

= (2)7"*[|(0s)(5P0)| + |(T5)(opo) ],
"I +1>=|+1>10 0>

= (2)7V?[)(os)(@+1)| - |(T8) (740,
' -1>=|-1>1{0 0>
: = (2)7"*[|(os)(mP=1)| — |(T8) (mp_, )],
PO +2>=|+1>1 1>=|(os)(mp,,)|,
PO 0 > = |+1>[1-1>=|(c8)(7@P+1)l,

PO 0">=|-1>1 1>=|(os)(mp_,)l,
PO —2>=|-1>[1l—1>=|(08)(7@p-1)l,
PO +1>=|4+1>1 0>
= (2)7V*[|(os)(@P+1)| + |(38) (mp,1)Il,
PO -1>=|-1>]1 0>

= (2)7?[|(os)(@P=T)| + |(T8) (mp_,) ).
(44)

For one electron operators Iy, I, [,, sy, s—, and s;,

Lilpo >= (2)Y?|ps1 >, I-|p+1 >= (2)"/%|po >,
Llps1 >= +lp+1 >, Lilp-1 >= (2)"*|po >,
I-lpo >= (2)"?|p-1 >, l:|p-1 >=
s4l1/2—1/2 >=[1/2 1/2 >,
s_[1/2 1/2>=1/2-1/2 >,
s:|1/2 —1/2 >= —1/2[1/2 - 1/2 >,

s:|1/2 1/2>=1/2/1/2 1/2> . (45)

_Ip—l >,
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The nonvanishing matrix elements for the electronic
wave functions of Eq. 44 are

<'STO0M|HoPTT 0 > = <3 0| Hoo|'ST 0F >= —C,
<'S 0T HooPTT 07 > = < %M1 0"|Hoo|'ST 0 >= C,

<GS | T+ 1> = < ' + 1 HoPSY +1>= C,
<R Ho T+ 1> = < * T+ 1|Hoo Pt +1>= C,

<R 1|Ho| T = 1> = <M - 1|HooPST - 1>= —C,

<R HoP T - 1> = <* - 1|HooPSt - 1>=C,

<3S 07 |Ho*Tl 0 > =< 0'|Ho’St 07 >=C,

<2t 07 |Heo)’TT 0" > =< 0" |Hoo|*’St 0~ >=C,
<M+ 1HolPT+ 1> =<*I 4+ 1|Hy ' + 1 >= —C,
<MI = 1Heo T — 1> = < *1 = 1|Hoo|'Tl - 1 >= C,
<M+ 2Ho P I +2>=0C,

<O 0 |He’Il 0 >=-C,

<*I 0" |Heo’T1 0" >=-C,

<Pl - 2|HPTI-2>=C, (46)

where, by neglecting two center integrals,

C = < (opg)l&(r)|(opg) > /2 =< (mp4y)|E(T)|(Mpyy) > /2
< npfé(r)lnpf > /2 =< npf|¢(r)nph > /2

< np[¢(r)|npf > /2. (47)

Nonvanishing matrix elements of the spin—orbit pertur-
bation between the eigenfunctions (15), (18), (21), and
(24) are as follows.

i) ITI-3t Perturbation.

<M = vIM|HeoPS TN = T+ 1M >
= [J/(2J + 1))'2C < v’ >,

<M - vIM|HeoPS N = J 1M >
=[(J+1)/@J+1)]*C < vy’ >,

<M+ vJM|Heo’S ' N = JIM >

=C<u' >. (48)
£ J+2
e J+1 N=J+1
- £J
ne ge ~e -7
n- g5 SRR 21
~ . _— +
AR - eJ N-3 3z
~ £ 3-1

ii) 1ITI-3I1 Perturbation.

<M+ vJIM|Hso|*Il; —v'IM >= —C < vfv’ >,
<'M — vJM|Hso[*TI1 +v'JM >= —C < o[’ > . (49)

32+

31+
3ng_
311, +
3o
31,+
3[1%_

T

1 J
. 3

DM oH O
U g 4wy

iii) 1X+-31I Perturbation.

< 'S WIM|Heo [Tl — v/ TM >= —(2)1/2C < s’ > . (50)

3114+
o
31~
31, +
1
3m;-

1x+ Je

3n
2+
31 2

OH O oM
a4 ug

iv) 3X+-311 Perturbation.

<3StuN = J + 1UM|Hyo* T, +v'JM >
=[J/@2J+1)]Y*C <o’ >,

<3SYoN = J — 1UM|Hyo [’ +v'JM >
=[(J+1)/(2J + 1)]'2C < o]0’ >,

<32toN = JIM|Hoo’TI — o' JM >
=C < >,

<3StoN = J + 1UM|Hyo|*Tlo + v JM >
=-[2(J+ 1)/ + 1)]"*C < v’ >,

<38tuN = J — 1JM|Heo*Tlo + o' JM >

=[2J/2J + D)]"?C < vy’ > . (51)
J+2 £
N=J+1 J+1 e
I f——._
NS
N Tt —— a3 3mps
\\ //__ e J 3ng_
J+l £ ~
N=J J e ~ee s >>—£3 3+
J-1 _ aaa eJ 31'11-
/7 7 3
/. —— £33 S+
e —— e J 3m5-
4
J £ 4
N=J-1 J-1 e
J-2 £ —

At the limit of R—oo, the diagonal term energies are
degenerate, and the matrix is
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g+ 3yt 3[1 38+ UIT S[Iewt 18I M °I = (2)7"*[|(05)(3d52)| - |(3%) (8d+2)]],
0t 00 0 0" 41 +1 +1 —1 —1-1+2-2 'A —2>=|-2>10 0>
1yv+ 0+ _ _ .
0~ 0 00 C 000 00000 = (2)7"/*1l(05) (8d=2)] - |(05) (8d-2)1}
SO —-C C~C 0 0 0 0 0 00 0 0 PA +3>=]+2>01 1>=|(0s)(8d+2)l,
SMOo C C 0-C 0 0 0 0 00 0 0 PA+1>=|+2>|1-1>=|(3)(Eds2)],
H 0 000 c9e 000 (A 1> m > L = (o)
+ - 3 L i
ST 41 0 0 0 0 C~C 0 0 00 0 0 '3A 3>=1=-2>1-1>=|(cs)(d-2)],
3.1 0 0 0 0 0 0 0 0-C C 0 O FA +2>=[+2>|1 0>
M -1 0 000 00 0-C 0C 00 = (2)72[|(0s)(8d+2)| + |(T8)(8d+2)]],
M -1 0 0 0 0 0 0 0 C C 0O O PA —2>=[-2>[1 0>
‘M+2 0 0 0 0 0 0 0 0 0O0C O 12 _
ST -2 0 0 0 0 00O 0 0O0O0C = (2)"/"[|(os)(8d-2)| + |(5)(8d-2)[].  (55)
(52)
The eigenfunctions for eigenvalue=C' are For one electron operators Ly, I, and L,
‘31'[:1:2 >, l+|d+1 >= 2|d+2 >, l_|d+2 >= 2|d+1 >,
@RI+ 1> F'T+1>), Leldsz >=+2lds2 >,
6)"V22PSt £1 > +PI+1> £\ +1>), Lildo >= (6)/*|d41 >, I-|d41 >= (6)"/?|do >,
6)"2@2Pst 07 > +PI 0 > +° 1 0" >), le|d41 >=+1|d41 >,
6)722'ST 0 > —PILO > +[PIT 0" >).  (53) ltld-1 >= (6)'"*|do >, I-|do >= (6)"/*|d-1 >,
l.|d=1 >=—1|d-;1 >,
The eigenfunctions for eigenvalue=-2C are -1 -1
l4|d_2 >= 2|d_1 >, l-|d-1 >=2|d-2 >,
—1/2/13¢+ 8 1
@) (TE 1> - £1>F| T+1>), Ld_y >=—2d_2 > . (56)
@G 2PPet 0m > —PI o > —fr1o” >), :
@) V2('Et 0t > +PTO > —PTIO" >).  (54) The nonvanishing symmetric matrix elements for the

electronic wave functions of Eq. 55 are
Let us calculate the spin—orbit matrix elements for

the electronic states of group [C] expressed by Eq. 11. <!zt 07 |He’Tl 0 >=-D,
We shall use the following configuration representation <!'st 07|Hs’T 0" >= D,
for the electronic states of group [C]. <3S 4 1|Hy|TTI+1>=D
'st ot >=10">10 0> <35t 4 1|Ho’TI + 1 >= D,
= (2)”"/?[|(os)(odo)| — |(35)(odo)], <*2F —1|Hy|'I - 1>= -D,
Pt +1>=10" > |1 1> =|(os)(odo)], <32t —1|H’TI-1>= D,
Pt —1>=10" > |1 -1> =|(55)(odo)], <3*st 07|Hsl’ 0 >= D,
Peto - >=0t>11 0> <32t 07|H’l 0" >= D,
= (2)7"/?[|(0s)(odo)| + |(T5)(odo)]l, <M+ 1|Hsof' T+ 1 >= —E,
' +1>=|4+1>10 0> <M - 1|Hy’T~1>=E,
= (2)7?[|(os) (nd71)| — |(T5) (nd41)]], <’ 0'|Hy|’Tl 0’ >= -E,
'l —1>=|-1>10 0> <* 0'|Hso|’I 0" >= —E,
= (2)7*[|(os)(nd1)| — |(35) (nd-1)], <P +2|Heo* L+ 2 >= E,
PII +2>=]+1>1 1> =|(os)(nds1)], <’ - 2/He|’T -2 >=E,
PO >=|4+1>[1-1>=|(&8)(nd1)|, <ML+ 1|He*A + 1 >= —(2)/?E,
PO >=]-1>1 1> = |(os)(nd-1)], <M - 1|Ho*A - 1 >= (2)'/E,
PO-2>=]|-1>1-1>=|(38)(nd_1)|, < B3I+ 1|Hoo*A + 1 >= (2)Y/2E,
P +1>=|4+1>]1 0> < 3T - 1|Heo’A — 1 >= (2)'/%E,
= (2)7"?[|(0s)(nd )| + |(35) (md41)]], < °I+2|Heo[*A +2 >= (2)'/?E,
PO -1>=|-1>[1 0> < 3M - 2|Ho’A — 2 >= (2)'/%E,
= (2)7*[|(os)(nd1)| + |(55) (nd-1)], <'A+2/Heo’A+2>= -F,

'A +2>=|+2>10 0> <'A - 2|Hs|’A-2>=F,
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<®A+1|Ho|’A+1>=-F,
<B3A - 1|Hso’A -1 >= —F,
<3A +3|Hw|’A +3 >=F,
<A - 3|Heo|’A -3 >=F, (57)
where

D = < (0do)[£(r)|(odo) > (3)"/%/2,
E = < (md+1)|¢(r)|(rd+1) > /2,
F = < (6d42)|€(r)|(6dx2) > . (58)
The nonvanishing matrix elements between the elec-
tronic wave functions of 3£* state in group [B] and
those of Eq. 55 in group [C] are
<%t 4+ 1|Ho|'T+1>=G,
<%t - 1|He|' I -1 >= -G,
<’ 4+ 1|Ho'T+1>=G,
<2t - 1|Heo’TI - 1 >=G,
<3St 07|Heo’ 0 >=G,
<33t 07|Hoo’ 0" >=G, (59)
where
G =< (op)|é(r)|(odo) > (3)'/%/2. (60)

(B) Selection Rules.
spin—orbit perturbation are®

The selection rules for the

AJ=0, AR=0, g gand u+—u,
(+) «— (+) and (=) — (=)
(e—e and fe— f), =t 57,

AS=0, 1 and Ad=—AF =0, +1.

In the single-configuration limit, if the two interacting
states belong to the same configuration, AA=AX =0,
and if the two interacting states differ by at most one
spin—orbital, AA=—AX=+1.

4. Rotational Interaction

There are three terms in the rotational part of the
Hamiltonian of Eq. 2 which are neglected in the Born—
Oppenheimer approximation:

Hsy, = B(L+S— + L_S4),
Hjs = —B(J4+S- + J-S4),
Hjy, =-B(Jy+L_ + J_Ly). (61)

Hg;, causes spin-electronic homogeneous (Af2=0) per-
turbations. The S-uncoupling operator Hjs and the
L-uncoupling operator Hjp, give rise to heterogeneous
(A2=+1) perturbations. Uncoupling of the electron
spin angular momentum or uncoupling of the electron
orbital angular momentum from the internuclear axis
occurs because of rotation. These uncoupling phenom-
ena can be attributed to Coriolis interaction in the ro-
tating molecule. The interaction matrix element of a
homogeneous (Af2=0) perturbation is independent on
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J, but the one of a heterogeneous (Af2=+1) perturba-
tion depends on J.

(A) Spin—Electronic Interaction. For the off-di-
agonal elements of B(L+S_+L_S,), the selection rules
AN=0, AA=—AX =+1 are the same as those for the
part of the spin—orbit interaction Y;&;(l4i8—i+1_is4;)
except that AS=0 only for Hs;,. The nonzero matrix
elements are

<JRM|<v|<SE¥ -1 < A+ 1|B(L4+S-
+L_S{)|A>|SZ > [V > |J2M >
=< v|Blv' >< A+1|L4]A > [S(S+1) - £(2 - 1)]'/?,
and

<JM|<v|<SE¥+1<A-1|B(LsS-
+L_S)A> |SE > W > |J2M >
=< v|Blv' >< A—1]|L_|A > [S(S+1) - 2(£+1)]"/2

(62)

(B) S-Uncoupling Interaction. Hjgs mixes differ-
ent components of the same multiplet electronic state.
The selection rules are AS=0, AR=AXY=41, and
AA=0. The nonzero matrix elements are

<JREIM|<v|<SZ+1| < Al - B(J+S-
+J_S)A>|SZ > ' > |J2M >

=—<|Bp > [J(J+1) - 2(2£1)]'/?
x[S(§ +1) — 2(Z + 1)/ (63)
(C) L-Uncoupling Interaction. If two interact-
ing states are sufficiently far apart in energy, this L-un-
coupling interaction causes the splitting between the e
and fcomponents of a degenerate II state. This splitting
is called A-doubling. If the energy interval between the
two interacting states is small, this perturbation results
in a large and strongly J-dependent A-doubling. This
is responsible for the transition from Hund’s case (a) to

case (d). The selection rules are AS=0, AR=AA=+1,
and AXY'=0. The nonzero matrix elements are

<JIJR+1IM|<v|<SZ|<A+1]—-B(J+L-
+J_L)A> ST > ' > |J2M >
=— <o|BP > [J(J+1) - 2(2+1)]"/?
X < A+ 1|Ly|A >,
and
<JN-1IM|<v|<SZ|<A-1]-B(J4+L-
+J_L)|A > [SE > |V > |J2M >
=— <v|Blp' > [J(J+1) - 2(2-1)]?
X <A—1L_|A>. (64)
Since —B(J4L-+J-L)=-B(JyZili+J_-Eilyi),
Hjy, is a one-electron operator, and consequently in the

single-configuration approximation, the configurations
describing the two interacting states can differ by only
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one spin-orbital.

(D) II-'+ Heterogeneous Perturbation and
A-type Doubling in a IT State. The eigen-
functions and the eigenvalues of H =H,+ H,+ H, +
H,, for levels of the !II and !Xt states are given by
Egs. 15, 16, 18, and 19. Off diagonal matrix elements,
which come from the L-uncoupling interaction Hjy,, are

<'M+vJM|Hy|'STW IM >
= —[J(J +1)/2]"? < v|Blv' > [< 1|L+]0* >
+ < —1|L_|0t >]. (65)

Since <1|L4+|0t >=<—-1|L_|0* >, we have

<M+ vJM|Hy|'Sto' IM >
= —[2J(J + 1)]"? < v|B]v' >< 1|L4 |0 >,
<Ml —vJM|Hu 'St IM >=0. (66)

Diagonalization of the resulting 2x2 matrix between
['I+vJM > and |['E*v'JM > yields the level energies

Es = [E(TIvJM) + E('THv' IM)]/2
+H{[E(TIwvIM) — ECZt' IM))?/4
+2J(J + 1) < v|Blv’ >2< 1|L4 |0t >3}/ (67)
If the rotational levels of the 'X% state and the !II
state are separated by an energy large compared to the

L-uncoupling energy, the A-doubled rotational levels of
the 11 state are given by

E('I - vJM)
= E(*Iv) + B,(IN[J(J + 1) — 1+ < L? >n,
E('I + vJM)
= E(*IIv) + B, (N)[J(J + 1) — 14+ < L? >p]
+2J(J 4+ 1) < v|B]v’ >*< 1|]L4]0" >2
J[ECTIvIM) — E('Stv' IM)). (68)
If the rotational energy levels of the !-* state cross
those of the II state for some value J, of the rotational
quantum number, then the rotational levels of one com-
ponent of the I state having J~J, will suffer equal and

opposite displacements, corresponding to what might
be called the usual heterogeneous perturbation.

_ - ed lmm«
- £3 1o -

Izt Je -

(E) 3II-3%+ Heterogeneous Perturbation. We
shall consider the 3I[I-3£+ heterogeneous perturbation,
which comes from the L-uncoupling interaction Hjy,.
The eigenfunctions of the 3II and 3L+ states are given
by Eqgs. 21 and 24. The nonvanishing matrix elements of
the L-uncoupling interaction between the 3II and 3%+
states are

< 3o+ vJM|HpPEYW'N =T+ 1M >
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= - [ J+1 }1/2 < v|Bp’ >< 1|L4[0* >
- 2J+1 + '
< Mo — vJM|HPE /N = JIM >
= [J(J + 1)]*? < v|Bl' >< 1]L4|0% >,
<o+ vIM|HuPSt'N=J - 1JM >
J 1/2 , +
= —(J'+ 1)[§7f;—i] < vLB[v ><:1|L4JO >,
(69)

where we used the relation <1|L; |0t >=<-1|L_|0*>.

—f J+2
e J+1 N=J+1
£J

<3 + vIM|HLPS W' N =J + 1M >

—(J+1) [—"i—]m < o|Bl' >< 1|L4[0* >
- 27 +1 + '

<3y + vIM|HiPS /N =J - 1JM >

- _ 2(J+1)]1/2 / +
= J[ 2T+ 1 < v|Bv' >< 1|L{|07 >, (70)

— f J+2
€@ J+1 N=J+1
P £fJ

<3+ vJM|HuPSYo'N =T+ 1M >

_ J{J<J+1)—2}}”2 : "
= [ Tl < v[Blv' >< 1|L4 |07 >,

<3y —vJM|HpP’STo'N = JIM >
= —[J(J+1)-2"? < v|Bv' >< 1|L4+[0T >,
<My +vJM|Hu Pt/ N =J - 1JM >

_ [(J+ D{J(J+1) - 2}]1/2
- 2J+1
x < v|Blv' >< 1|L4]0" > . (71)

£ J+2
@ J+l N=J+1
£J

L7 — £ 341 R
’ _—— e J NaJ =+
e -7 — J-1
e -7
3n, + 3 f Al
3n; - Je - T~-—fJ
e J-1 N=J-1
£ 3-2
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Hereafter, we shall consider the interactions which are
not included in the Hamiltonian H = H.+ H, + H;+ Hs,.

5. Spin—Rotation Interaction and Spin—-Spin
Interaction

(A) Spin—Rotation Interaction.  The effective
Hamiltonian for the spin-rotation interaction, which is
the interaction between the electron spins and the mag-
netic field created by nuclear motion, is given by®

Hsg =v(J —L-8)-S
=9[(1/2)(J+S- + J-S+) + J:S.
—(1/2)(L+8- + L_S4) - L.S. — 8%]. (72)

The diagonal matrix element of Hgg for a basis function
is :

< JNRM|<v| < SE| < A|Hsr|A > |SZ > |v > |J2M >
=7 [Z% - S(S+1)]. (73)

The nonzero off-diagonal matrix elements are

< JRM|<v| < SE| < A|Hsr|A >
ISZ£1>v>|JR+1M >
= (W/2QU( +1) - @£ 1)
x[S(S+1) — £(£ + 1)/,
<JOM|<v|< SE| < A|Hsr|AF1>
[SE+1>|v>|JN2M >
=—(w/2) < AlL|[AF1>
x[S(S+1) - 2(¥+1)]2 (74)

The latter of Eq. 74 may be neglected for large J.

(B) Spin—Spin Interaction. The effective
Hamiltonian for the spin—spin interaction, which is
the interaction between the magnetic dipoles associated
with the spins of two different electrons, is given by®

Hss = (2/3)A\[3S? — §7). (75)
The nonzero matrix elements are

<JOM|<v| < SX| < A|Hss|A > |52 > |v> |J2M >
= (2/3)\[3Z% - S(S +1)]. (76)

(C) Spin—Rotation and Spin-Spin Interactions
in 3%t State. The symmetric matrix elements of

Hsr+ Hss=Hs for basis set functions of a -+ state are

given by

< JIM| < v| < 11| < 01|Hs|0" >
11 > v > |J1IM >= —y, + (2/3) Ay,
< JIM| < v| < 11| < 01 |Hs|0T >
110 > v > |JOM >= [J(J +1)/2]"/?4,,
< JIM| < v| < 11| < 01 |Hs[0 >
l1-1>v>|J-1M >=0,

Hajime KATO

[Vol. 66, No. 11

< JOM| < v| < 10| < 0T |Hs|0t >
[10 > |v > |JOM >= —2v, — (4/3))v,

< JOM| < v| < 10| < 07 |Hs|ot >
L=1>v>|J—1M >=[J(J 4+ 1)/2]*y,,

<J—-1M|<v| <1-1|<0|Hsl0t >
L=1>v>|J—1M >= -7 + (2/3)I.  (77)

The nonvanishing matrix elements for wave functions
given by Eq. 21 are

<3*2YyN = J+ 1JM|Hsg + Hss°S N = J+1JM >

B J+2
= —(J+ D% - 557 2/,

<32 yN = JIM|Hsr + HssPS N = JIM >
= -+ (2/3)’\V7
<32 uN = J - 1JM|Hsg + Hss°’SToN = J - 1JM >

J-1
= (7= D = 25 23N,

<32 uN = J+ 1JM|Hsg + Hss|’SToN = J —1JM >
_ 3+ D)2
T 2J+1

(2/3)Av. (78)
By diagonalyzing the 2x2 matrix

ST+ 2y — 2{,“_:21 @3 271 BN
3[J(J + 1)]/2 B,J(J—-1)+(J - 1)y
7 (2/3)A J—-1

2741 @A

(79)
we have the eigenvalues

Fs(N=J+1,J)=B,J(J+1)— v + (2/3)\
+By — /2 = A +{(2J + 1)*(By — 1 /2)*
=20 (By = w/2) + N},
F(N=J-1,J)=BJJ+1)—y + (2/3)\
+By — /2 = Ay — {(2J + 1)*(By — W /2)*
—20(By — 1/2) = A} (80)

If we neglect A, and v, altogether, F3(N=J+1,J)=
By(J+1)(J+2) and Fy(N=J—1,J)=B,(J-1)J.

The three levels YtoN=JJ—1M >, |3EtuN=
JIM >, and |?StuN=JJ+1M >, which are degenerate
when we neglect Hsg+ Hss, split into three components;

F3(N=J,J—1)= B,N(N +1) — v + (2/3)\

—B,(2N = 1) —1/2 = A + {(2N - 1)®

X(Bo = 1/2)* = 2\ (Be = 1/2) + N °}2,
Fo(N =J,J) = B.N(N +1) — 1 + (2/3)\,
Fi(N=J,J+1)=B,N(N+1) -y + (2/3)\

+By(2N +3) — /2 = A — {(2N +3)®

X(By — W/2)? = 20 (By — 1 /2) + A }2 (81)
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6. Hyperfine Interaction

(A) Hyperfine Interaction Hamiltonian. The
hyperfine interaction Hamiltonians for a diatomic
molecule are given by¢—1%

Hygs = Hrc + HiL + His + Heq, (82)

Hrc = Y_(87/3)¢(n)I(n)-S(:)8(rin),
Hu =Y ¢(m)I(n)-L(in)/rin’,
His =Y ¢(m)BUI(n) 7in)(S(0)-7in)

C ()-8 ren?]fren’,
Hgq = Zqu[3(I(n)-L(in))2

+3(I(n)-L(in))/2 — I(n)?L(in)?), (83)

where ((n)=9g(,)1BEN- 9, 91(n), 4B, and iy are, Te-
spectively, the g value for an electron, g value for the nu-
cleus n, Bohr magneton, and nuclear magneton. L(in)
is the orbital angular momentum of electron ¢ at nu-
cleus n, S(i) is the spin of electron 4, and 7y, is the
distance between electron i and the nucleus with nu-
clear spin I(n). Hpc is the Fermi contact interaction,
Hip is nuclear spin—electron orbital angular momentum
interaction, Higs is the nuclear spin—electron spin dipole
interaction, and Hgq is the nuclear electric quadrupole
interaction.

The theory of irreducible spherical tensors provides a
powerful tool for calculating the matrix elements (See
Appendix C).'*—1%) The hyperfine interaction Hamilto-
nian can be written as

Hrc = ;Zq:(—)"
x[(8/3)¢(n) 3= S(8)148(rin)}(n)1-a,

Hy = Zn:;(—)" l
x[¢(n) 3= L(in)sg/rin® I (n)1-q,

Hs = ;f(-)“
x[—(loq)‘”c(n)Zqu(Cz,Sl)/r?n]I(n)l_q,

Hpq = zn:;(—)q 1
x[3eq@(n) 3 Toa (L(in), Lim)I T2~ (}(m), [(m))- (84)

For convenience, let us write the Hamiltonian for the
hyperfine interaction as a sum of contributions from
each nucleus n

Hus = 3y [Mi(n)-li(n) + V2(n)-Qz(n)],  (85)

n=1,2
where the first term represents the magnetic dipole in-
teraction (Hpc+ Hip+ His), and the second term rep-
resents the nuclear electric quadrupole interaction. My
and |; are, respectively, the magnetic field tensor and

Energy Levels and Line Intensities of Diatomic Molecules

3219

the nuclear magnetic dipole tensor of rank 1. Vg and
Q2 are, respectively, the electric field gradient tensor
3qT2(L(in),L(in)) and the nuclear quadrupole tensor
eQT2(I(n),I(n)) of rank 2.

(B) Matrix Elements of Hyperfine Interaction.
i) The Representation for Unequal Coupling.
When two nuclei with nuclear spins I and I, have dif-
ferent coupling energies, it is convenient to employ the
coupling scheme

J+Il = Fla
Fi+ I, =F,, (86)

where the nuclear spins are coupled in order of decreas-
ing coupling energy. The basis functions for this cou-
pling scheme are denoted by

|aJIlF1[2F2MF2 >, (87)

where « represents any additional quantum numbers

necessary to specify the unperturbed rotational state.
Using (C8) and (C9), the matrix element for the mag-

netic dipole interaction of nucleus 1 is expressed as

< aJLFiMp, M (1)-L ()|’ S L FIME, >

_ J I +Fy
= 6F1F{ 5M,.~1 M;,l (=)

S
L L F
x <aJ ||My(1) | T ><T || L) | I >. (88)

} (27 +1)(2L +1)]/?

For the electric quadrupole interaction of nucleus 1, we
have

< aJ1F1MF, |V2(1)-Qo(1)|e' J L Fi Mp, >

- 6F1F1’5MF1M£_‘1 (__)J +Ih+F;
J J o2 1/2
x{ HE A }[(2J+1)(2I1+1)]

x <ad || Va) | &0 >< I | Q1) || I > . (89)

The results of Eqgs. 88 and 89 are also applicable to the
case where only one nucleus is present.

For the magnetic dipole interaction of nucleus 2, the
nonvanishing matrix elements are

< aJIlFlIngMF2|M1(2)-|1(2)|a'J'IlF1'I2F2MF2 >
= (__)F{+12+F2

hOF1 1/2
X { L L F [(2Fy +1)(212 + 1))
x <aJiFy | Mi(2) | T hF >< L || h(2) ] L>.

(90)

Noting that M;(2) acts only on the space of nucleus 2,
we have

< aJL Fi L FaMpy My (2)-11(2)|o J' L F{ I, F Mg, >
= (-)°*[(2F + 1)(2F] + 1)]'/?
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% R F 1 R F 1
JJ L I, I, F
x[(2J +1)(2Iz + 1)]*/?
x<aJ [Mi@) | T ><L||L@)| > (91)
where a=14+J+5L+L+2F{+ F>.
A similar procedure for the electric quadrupole inter-
action of nucleus 2 yields
< aJllFllegMF2|V2(2)‘Q2(2)|0/Jl11FI,IQF2MF2 >
= (=)’[(2F + 1)(2F] + 1)]'/?
R OF 2 F, F, 2
JJ L I, I, F,
x[(2J + 1)(2I2 + 1)]*/?
x <aJ||V2(2) | T >< L || Q2) || 2 >, (92)

where b=J+ L+ L+2F{+F;.

ii) The Representation for Equal Coupling.
When two nuclei with nuclear spins I) and I, have the
same or nearly the same coupling energies, it is conve-
nient to use the coupling scheme

L+DL=1I ,
J+I=F. (93)
The basis function for this coupling scheme are denoted
by
laJLILIFMEp > . (94)

The nonvanishing matrix elements for the magnetic
dipole interaction of the nucleus 1 can be written as
< aJLLIFMp|My(1)-b(1)|a' J' T LI'F Mg >
= (=)l + 1)(2I’ + 1))'/?
y J J 1 I I 1
I 1 F L L I

x[(2J + 1)(2L + 1))*/?

x <ol [Mi@) | &F >< L | h@) | L >, (95)
where c=14+J'+ L+ L+I+1'+F. While those for
nucleus 2 are

< OfJIlIleMF|M1(2)"1(2)[&’J’IlIQIIFMF >
= (=) + 1)’ + 1)]'/?
y J J 1 I I i
I' 1 F I, I, I

x[(2J + 1) (21 + 1)])*/?

x <aJ || M2 | T >< L || 1(2) || >, (96)
where d=14+J'+ 1L+ L+2I+F. A similar procedure
for the quadrupole interaction operator yields

< aJIlIzIFMF|V2(1)'Q2(1)!a'JI1112IIFMF >
= (=) @I +1)@I' +1)]/?

< J J 2 I I 2
I' I F L L I
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x[(2J + 1)(26 + 1)]/?
x <aJ || Va(1) || &J >< L || Q1) | I >, (97)

while those for nucleus 2 are

< aJhLIFMp|V2(2)-Q,(2)|e J' L I,I' FMp >
= (=)l + 1)l +1))'/?
< J J 2 I r 2
' 1 F I, I I
x[(2J + 1)(212 + 1)]/?

x <alJ ||V22) | &' >< I || Q2(2) || I2 > . (98)
iii) Reduced Matrix Elements. The angular
momentum J is quantized along both spatial and molec-
ular axes. We shall use the total angular momentum F
and the nuclear spin I quantized to spatial axis. Hence,
the components of tensor operators in Eq. 84 are those
of the space-fixed coordinates. In order to calculate the
matrix elements of an operator composed of the angu-
lar momenta L and S, we must transform the operator
into the molecule-fixed coordinates. Spherical tensors
TS, of rank j in the space-fixed coordinates and T™; in

the molecule-fixed coordinates are related by following
equation:

S —
qu—

Zi (=)' DL T™ e (99)
t=0,+1

Let us evaluate the reduced matrix element of Hpc.
Hrc is given by Eq. 84 and can be expressed as:

Hrc = Zn:;(—)"[(&r/ii)«n) 2 S(@)1q6(rin) I (n)1-q
S B/ D
: is(i)ua(m )]I(n)l_:. (100)
The reduced zmatrix element is calculated as follows:
< ASZwT || (87/3)C(n) 32 S(i)1qb(rin) | A'S'E' T >
=< ASZvJ || (81r/3;<(n) S (=)L,
X Z s(1)166(rin) || A’S'Zt]'v'J' >
= ZZ—)* <JR=A+Z|(-)*DL,_.
||tJ'!2' =A'+ 5 >< ASEv|(87/3)¢(n)
x 3 8(D)1:8(rin)|A'S' 50 >
=T @+ ) ( R )

s 1
-r t ¥

x < ASv || (87/3)¢(n) Zs(i)lté(rin) | A8 >

x(=)5~% x (25 +1)V/? (

=b5ip_bpp(=) IS T (g 4 1)1/

J o1 s 18
X(-.o t rz’)(—z t 2')(25“)1/2

x < ASv || (87r/3)((n)z:s(i)1t5(r,-n) | AS'Y > .
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(101)

Thus, we can derive the nonvanishing reduced matrix

elements of the tensor operators in Eq. 84 as
< ASZwJ || (87/3)¢(n) 3 S(i)18(rin) |
AS’(Z _ q)'UlJl >= (_)J+S—A-—22

x[(2S+1)(2J'+1)]1/2< ES_'q _SE ;)

J' J 1 . Aral
X ( A+S—-q -A-3 g >K(n,AvS.AvS),
(102)
where
K(n; AvS:Av'S")
= (87/3)¢(n) < AvS || Zs(i)lé(rin) || Av'S" > .
(103)

< ASZvJ || C(n)ZL(in)l/'rm3 | (A =p)SEYT >
— (_)J—A—2(2JI + 1)1/2
J’' J 1 ’
X ( A+S—p —A-% p )G’(n,A’v.A—p’v),
(104)
where

G(n; Av:A — pv')
= {(n) < Av| Zl(in)lp/nnsm —pv’' >. (105)

< A8ZwJ || =(10)"/%¢(r) 3_T1(Ce, S1)/rin® |
(A-p)S'(Z - T >
— (_)J+S—A+p+q[(2s + 1)(2J' + 1)]1/2

1 1 2 s 1 g
-q p+q -p J\ -2 g X—gq

J' J 1 1/2
><<A+Z‘—p-—q -A-X p+q)(30)
x D(n; AvS:A — pv'S'"), (106)

where
D(n; AvS:A — pv'S’)
={(n) < AvS || z:s(i)lCz,l,(in)/m,.3 | A=pv'S >.
(107)

< I | )1 || In >= [In(In + 1)]*/2. (108)

< ASZvJ || }:3qT2(L(in), L@in)) || (A —p)SEV' T >
— (_)J—A—-E(zJI + 1)1/2

J J 2 . /
X(A+Z'—p A_x p)E(n,Av.A—p'v),
(109)
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where
E(n; Av:A — pv")
=< Av || Z_3qT2p(|-(in), L@in)) || A—po' > .
(110)

< I || eQ(n)T2(l(n), l(n)) || In >
= (eQ(n)/2)[(2Ln + 3)(In + 1)/ In (2, — 1)]'/?,
(111)

where eQ(n) is the nuclear quadrupole moment of nu-
cleus n.

(C) Hyperfine Structure in the 3% State.
Nonvanishing reduced matrix elements of the Fermi
contact interaction for eigenfunctions of Eq. 21 are

<3vtoN = JJ -1 (87/3)¢(n) ZS(i)la(m) I

SetoN=JJ -1>= —%Z(J -1)K,
<35tyN = JJ -1 (87/3)¢(n) ZS(i)la(m) I

SetoN = JJ >= —%IZ(J)K,
<*stuN = JJ || (87/3)C(n) 3 S(i)18(rin) ||

SptoN = JJ —1>= L [2/ =1

1/2

2J 12J + 1] 2(J)K,
<*s*tuN =JJ || (8n/3)¢(n) ZS(i)uS(mn) Il

1 1
2J(J+1)
<3vtuN = JJ || (87/3)¢(n) ZS(i)x&(rm) I

' 1 2J +311/2

2(J +1) |27 + 1] Z(J)K,
<3stuN =JJ+ 1| (8n/3)¢(n) Z S()18(rin) ||

SvtuN =JJ >= Z(J)K,

SStuN=JJ +1>=—

SptuN = JJ >= ——I—Z(J)K,

2(J +1)
<3vtuN = JJ + 1| (87/3)¢(n) Z S@)16(rin) ||
1
SstoN=JJ +1>= mzu +1)K, (112)
where
Z())K = [2J(J + 1)]'?K (n; 0v1:001). (113)

There is no nonzero reduced matrix element for the
nuclear spin—electron orbital angular momentum inter-
action Hip,.

Nonvanishing reduced matrix elements for the nuclear
spin-electron spin dipole interaction are calculated from
Egs. 106, 107, and 21 as follows.

<3tuN = JJ - 1] =(10)%¢(n) 3 T1(Co,S1) /7 |

J+1

3yt N — 7T 1o _d T
SToN=JJ-1> JET=1)

Z(J - 1)D,
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<*SPoN = JJ -1 -(10)/%¢(n) 3" T1(Ca, 1) /1 |
J-2

2727 — 1)

<*TTN = JT || -(10)%¢(n) 35 T1(C2, 1) /7 |

SstyN=JJ-1>

o J=2 [2J -1

T 2J(2J-1) [27+1
<PYoN = JJ || =(10)%¢(n) 3] Ti(Ca, S) /s |

S e toN = JJ >= ———=_Z(J)D,

] )

SvtoN =JJ >= Z(J)D,

1
JT+1)
<PEToN = JJ || = (10)/%¢(r) 3" T1(Ca, 1)/ |l

StoN =JT+1>
_ J+3 [2] +37]Y/2
2(J+1)(27+3) 12T +1
<PTFuN = JJ + 1| —=(10)V2%¢(n) 3" T1(Ca, S1) /78, ||
J+3
2(J +1)(2J + 3)
<*TFoN = JJ + 1 —(10)"2%¢(n) 3" T1(Ca,S1) /78, |l
J

(J+1)(2J +3)
<PotoN =J =17 || =(10)%¢(n) 3 T1(Ca, S1)/rd, |l

Z(J)D,
SvtoN =JJ >= Z(J)D,
StuN =JT+1>=—

Z(J +1)D,

SstoN=J+1J >

- ﬁwu + 1) Y22(J)D, (114)
where

Z(J)D = [2J(J + 1)]'2D(n; 0v1:001). (115)

i) Heteronuclear Diatomic Molecule. =~ When

only nucleus 1 has a significant "hyperfine interac-
tion, the nonvanishing matrix elements of the magnetic
dipole interaction, Hyvp(1)=Hpc(1)+ HiL(1)+ His(1),
are calculated from Egs. 88, 108, 112, 113, 114, and
115;

<32tyN = JJ — 1ML FiMp, |Hup(1)|
8vtyN = JJ — IMLLF,Mp, >
=[FiJ —16] [—%K(l;Ovl:O’ul)
+J(‘;J+ ! )D(l;OvI:Ovl)] :
< *StoN = JJ — 1M1, Fy Mg, |Hup(1)|
8vtoN = JIML FiMp, >

J+117Y2
={RJh} [2J+ 1]

1
x [-ﬁxa,om.om)
J—2
T 2J(27 -1)
< 32*yN = JIM L Fi Mp, |Hup(1)]
8vtyN = JIML Fi Mg, >

D(l;Ovl:Ovl)] ,
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= [F1J L]

1
M IEESY

< *ctoN = JIMI Fy Mg, |Hup(1)|
*s*uN = JJ + 1ML FyMp, >

={FJ+1L} [

1
mK(l, 0’01.0’01)

D(1;0v1:001)],

1/2
1)

X [ 2(Jl+ 1)K(l 0v1:0v1)

3 J+3
2(J+1)(2J +3)
<®ctoN = JJ + 1ML F, Mg, |Hup(1))|
SotuN =JJ + 1MIlF1MF1 >
= [FJ +10] [ K(1;001:001)
B J
(J+1)(2J +3)
< %tyN = J — 1UMI, F, Mg, |Hyp(1)|
3StoN = J + 1UMLF\Mp, >= [F1J 1)

x [2(2—J3+T){J(J +1)}72D(; 01)1:0'01)] , (116)

D(l;O’vl:O’ul)} s

2(J +1)
D(l;Ovl:Ovl)] ,

where

[FJL] = ()7 2[F(F +1)
~J(J+1) = Li(I1 + 1)},
{RJL}=[(RA+J+hLh+1)(J+ 5L - F)
X(Fy+J-nL)(Fi~-J+ L +1)/2]"2 (117)
Using the Wigner-Eckart theorem, we have
< 0| < <10]Y " s(i)1-18(ri1) |11 > |v > |0 >
= (272 < 0vl || 3 s(i)16(ri1) || Ov1 >
= (2)"Y2K(1;001:001)/[(87/3)¢(1)]. (118)

For an approximate wave function expressed by a single
configuration of Eq. 13, we have

< 0] <] <10] " s(i)1-18(ri1)[11 > |v > |0 >
= (2)7'[< 08(i)[6(ri1)|o5(2) >
+ < opo(2)|8(ri1)|opo(z) >].
From Eqgs. 118 and 119,

(119)

K (1;0v1:001)
= (8n/3)¢(1) < Ovl || > s(@8(ria) || 001 >

=27"2(8r/3)¢(1)[< 03(3)[é(ri1)|o5(3) >
+ < opo(4)|6(ri1)|opo (i) >]. (120)
Using the Wigner—Eckart theorem, we have
< 0| < v| < 10| Zs(i)uCgo(il)/rilsu —-1>w> 0>
= —(2)-1/21< 001 || 378(2)1C20(i1) /ria® || Ov1 >

= —(2)"2D(1;001:001) /¢(1). (121)
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For the approximate wave functions expressed by a sin-
gle configuration of Eq. 13, we have
< 0] <] <10] Y s(1)11C20(i1) /ri®|1 = 1> |v > |0 >
= —(2)7![< 08(4)|C20(i1) /ri1®|05(5) >
+ < 0po(i)|Ca0(i1) /7i*|opo(4) >]-
From Eqgs. 121 and 122,

(122)

D(1;0v1:001)
= C(l) < Ovl || ZS(’i)lczo(il)/T“s || Ovl >

= (2)7%¢(1)[< 08(3)|C20(i1) /rir*| 08 (3) >

+ < opo(1)|Cao(41)/ri1%|opo(4) >]. (123)

When the coupling energy of nuclear spin I is larger
than the one of I, the nonvanishing matrix elements
of the magnetic dipole interaction with I; are given by
Eq. 116. Each hyperfine component, which is split by
the interaction with nucleus 1, is split by the interaction
with nucleus 2. The nonvanishing matrix elements of
the magnetic dipole interaction with I, are given by

<3tuN = JJ = IML F,I,FaMp,|Hup(2)|
SvtoN = JJ - IML F{LF>,Mp, >
=[J-1J - 1L FiF{LF) [-5171{(2;01;1:01;1)

J+1

J@2J-1)

<3styN = JJ — IML F\I, F2MF,|Hup (2)|
39*uN = JIML F{I,F;Mp, >

[J-I— 1 1/2

e D(2;0v1:0v1)] R

=[J - 1JLFiF L F;)

[ 57 K (2 001:001)
J 2
T2J(27 1)
< 3v*tyN = JIMI, F\ I, F Mp, | Hup (2)|
3vtoN = JIMLF{I,FsMp, >
= [JJ11F1F1,I2F2] [ K(2; 01)1:01)1)
a1
JJ+1)
< 3v*tuN = JIMI Fi Iy F2 Mg, |Hup (2)|
v *uN = JJ + IMLF{I,FaMFp, >
2J + 3] /2
2J +1
K(2;0v1:001)

———D(2; Ovl:Ovl)] ,

1
2J(J+1)
D(2;0’vl:0v1)] ,

[JJ + II1F1F1I2F2] [

1
X [’2(J+ 1
J+3
T2(J+1)(27 +3)
<32tuN = JJ 4+ 1ML F1 [, F; Mg, | Hup (2)|

SvtoN =JJ + 1M11F1’IQF2MF2
= [J+ 1J + 1[1F1F1’12F2] [

- J
T+ 12T +3)

D(2; 0'01:0111)] ,

3T+ D) K (2;0v1:0v1)

D(2; 01)1:01)1)] ,
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<32tyN = J - 1JM L Fi I, F2Mp,|Hup(2)|
39toN = J+ 1JML F{LFsMFp, >
= [JJLF F{ L F)

x [E(QjTI){J(J+ 1)} 2D(2; OvI:OUI)] . (124)

where
Hwup(2) = Hrc(2) + HiL(2) + His(2),
(JJ' L F\F,I,F)

=(_)1+J+Il+lg+2F{+F2[(2Fl+1)(2Fll+1)]1/2
9 P F 1 FR F 1
JI J Il Iz 12 F2
x[(2J +1)(2I2 + 1) I2(I2 4+ 1)2J (J + 1)]/2. (125)

ii) Homonuclear Diatomic Molecule. In a
homonuclear diatomic molecule of I; =1, the total nu-
clear spin states of the same I can couple. The nonva-
nishing matrix elements of the magnetic dipole interac-
tion are calculated from Egs. 95, 96, 108, 112, 113, 114,
and 115;

<3stoN = JJ - IMLLIFMEg| Y Hup(n)|

n=1,2
3v2tuN =JJ - IMLLIFMF >
=[FJ - 1] [;éK(l;OvI:Ovl)

J+1 I
+7(2T_—1)D(1,0’vl.0v1)] ,
<*c*tyN = JJ - 1ML LIFMF| Y Hup(n))

n=1,2

39.tuN = JIMLLIFMF >

_ J+171Y27 1
= {FJI} [2J+ 1] [——2—J-K(1,0'ul.0v1)

J =2
T2J(2J-1)
<®styN = JIMLLIFME| Y Hup(n)|

n=1,2
SvotuN = JIMLLIFMr >

= [FJI) [ K(1;001:001)

R S
JT+1)

< 3styN = JJIMLLIIFMEp| Y Hwup(n)|

n=1,2
SotoN =JJ + IMLLIFME >

J 1/2
= {FJ+1I} [m]

K (1;0v1:001)

D(l;Ovl:Ovl)] ,

2J(J+1)
D(l;Ovl:Ovl)] ,

1
% [_ 2 +1)

o J+3

2(J +1)(27 +3)
<3styN = JJ +IMLLIFME| > Hup(n)|

n=1,2

SstoN=JJ + 1MIlllIFMp >
= [FJ + 1]} | /——— K (1;0v1:0v1)

_ J
(J+1)(2J+3)

D(l;Ovl:Ovl)] s

2(J 1)
D(l;O'vl:O'vl)] X
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<*StoN =J - 1JMLLIFMF| Y Hup(n)]

n=1,2

StoN =J+1JMLLIFMEp >
= [FJI]

3 ~1/21(1. 01+ ]

x [2(2J+1){J(J+1)} D(1;001:001)| , (126)
where Hyp(n)= Hpc(n)+ Hi(n)+ His(n), [FJ] and
{FJI} are defined by Eq. 117.

(D) Hyperfine Structure in the 3II State.
Nonvanishing reduced matrix elements for the Fermi
contact interaction are calculated from Eqs. 102, 103,
and 24;

<y £ vJM || (87/3)¢(n) Z S(@)18(rin) ||

1 —1/2
I+
x[K (n; 1v1:1v1) + K (n; —1vl:—1v1)]Z,

<°Ho £ vJM || (8n/3)¢(n) 3 S(i)16(rin) |

3y £ vJM >=

M £ vIM >= %[J(J +1)]7Y2
x[K (n; 1v1:1vl) + K (n; —1vl:—1v1)] Z,
< £ vJM || (87/3)¢(n) ZS(i)la(rin) I
3 _=nu+2)”
I +vJM >= 8IJ+1)
x[K (n; 1v1:1vl) + K (n; —1vl:—1v1)} Z,
where Z=[4J(J+1)]*/2.
Nonvanishing reduced matrix elements for the nuclear

spin—electron orbital angular momentum interaction are
calculated from Eqgs. 104, 105, and 24;

(127)

<M £ vIM | ¢(n) > L(in)1/rin® || T £ vIM >
1
= m—l)[G(n, lv:1v) — G(n; —1v:—1v)]Z,
<My £ vIM || ¢(n) Y L(in)1/rin® || °Ta £ vIM >

n; lv:1v) — G(n; —1v:—1v)]Z.
(128)

1
T 20U +1) [G(

Nonvanishing reduced matrix elements for the nuclear
spin-electron spin dipole interaction are calculated from
Egs. 106, 107, and 24;

< *Ma £ vIM || =(10)/2¢(n) 3 T1(Ca, 1) /rin |l

3 _ 1 —1/2
L 0/ M >= 5 ()7

x[D(n;1v1:1vl) + D(n; —1vl:—1v1)]Z,
< Mo+ vJM || —(10)/*¢(n) 3" T1(C2,S1) /7, |

3L + 0IM >= %[J(J +1) V2

x[—{D(n; lvl:1vl) + D(n; —1vl:—1vl)}

+(6)*/2{D(n; 1v1:—1v1) + D(n; —1v1:1v1)}] Z,
<*I £ vIM || —(10)/2¢(n) 3 T1(Ca,S1) /73 |l
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(-1 +2)]'?
8J(J+1)
x[D(n; 1vl:1vl) + D(n; —1vl:—1v1)]Z.

Sy + vJM >= —
(129)

i) Heteronuclear Diatomic Molecule. = When
only nucleus 1 has a significant hyperfine inter-
action, the nonvanishing matrix elements of the
magnetic dipole interaction are calculated from
Eqgs. 88, 108, 127, 128, and 129;

<3y £ vJM I Fy Mp, |Huo(1)]PTH £ vJ ML Fy My, >

= [FlJfl]ml—)G(l),

<My + vJM I Fy Mp, |Hup(1)|* Tl £ vJ ML FA Mp, >
1 —1/2
=[RJL] | ——(2)"?K(1
I 575 @7 K
LITC) S
2J(J +1) J(J+1)
< *Mp + vJMI Fi Mg, [Hup(1)|’ Tl £ vJ ML FyMp, >

= [F1J11]%[J(J+ 1)]7/2

x[K(1) — D(1;11) £ (6)/2D(1;1 — 1)],
<3 £ vJM I FyMp, |Hup(1)[*Tlz £ vJM L Fy Mp, >
[(J - 1)(J +2)"/2
8J(J+1)

+ (2)72D(1; 11)] :

= [F1JIL] [K(1) — D(1;11)],
(130)
where

[AAJh)=F(Fi+1)-JWJ+1)- L1 +1),
K(n) = K(n;1vl:1vl) + K(n; —1vl:—1v1),
G(n) = G(n;1v:lv) — G(n; —1v:—1v),
D(n;11) = D(n;1vl:1vl) + D(n; —1vl:—1v1),
D(n;1 —1) = D(n;1vl:—1vl) + D(n; —1vl:1vl).
(131)
Using the Wigner—Eckart theorem, we have
<#1 <v| <1-1] s(i)1-16(r1)[10 > v > [£1 >
=272 < 2101 | Y s(i)18(ra1) || £1v1 >
=272 K(1; £1v1:£101) /[(87/3)¢(1)].  (132)

For the approximate wave functions expressed by a sin-
gle configuration of Eq. 10, we have

<*1 <v| <1=1D> s(i)1-18(raa)[10> jo > | £1 >
[

= 27! [< 05(3)[8(ri1) |os() >

+ < mp£1(9)]6(ri) |mpa (4) >]. (133)
From Eqgs. 132 and 133,
K(1;+1v1:+1v1)
=27"2(8/3)¢(V)[< 0s()[8(ria)|0s(d) >
+ < a1 (§)]6(rin) |pa (6) > (134)

In a similar way, we obtain
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G(1; £lv:+1v)

= £¢(1) < mp1()|1/rir®|mp1 (3) >,
D(1; £1v1:+1v1)

= 27Y2¢(1)[< 05(3)|Ca0(i1) /ri1®| os(s) >

+ < 7p1(3)|Ca0(31) /rir*|mpx1 (6) >].  (185)

By assuming primitive LCAO MOs: |os>=
271/2(|3s1 > +(352>), [mpa1 >=2"1/%(|3pL, >+[3p3,>),
where 3s™ and 3p™ are atomic orbitals of nu-
cleus n, and by neglecting the small term of <
3p%1(4)16(r:1)|3p%1 (1) >, we have

K(1;+1vl:+1v1)

=27"2(4m/3)¢(1) < 3s'(5)|6(ri1) 38" (6) > . (136)
Hence,
[K(1;101:101) + K(1; —1vl:=1v1)]
~ 27 Y2(81/3)¢(1) < 38 (3)|6(ri1)|3s(3) > . (137)
In a similar way, we have
G(1;£1v:+1v)
= £[¢(1)/2] < 3p11()[1/r1|3p%1(5) > . (138)
Hence,
[G(151v:1v) — G(1; —1v:—1v)]
~ (1) < 3p2i(9)1/ra®Bpia(5) > . (139)

When the coupling energy of nuclear spin I; is larger
than the one of I, the nonvanishing matrix elements
of the magnetic dipole interaction with ; are given by
Eq. 130. Each hyperfine component, which is split by
the interaction with nucleus 1, is split by the interaction
with nucleus 2. The nonvanishing matrix elements of
the magnetic dipole interaction with I, are given by

<3y £ vJMIL Fi s FaMp,|Hup(2))
M £ vJMLF{ . F>Mp, >

= [JJLF F,F) G(1),

1

4J(J+1)

< 3H2 +ovJMLFi[,FoMF, |HMD(2)|
My + vJMLF{ . FoMp, >

= [JJIlFlFlllgFg] [mjl_-_}-T)(2)—l/2K(l)
1 1 -
+————2J(J+ 1)(;(1) + T 1)(2) 2p(1;11)],

< %Mo + vJM I Fi I, Fa Mg, | Hup (2)]
M), £ vJMIL F{I,FsMp, >
= [JJI1F1F1'12F2]%[J(J +1)]7 Y2
x[K(1) — D(1;11) % (6)/*D(1;1 - 1)],
<My + vJML FiI;Fs Mg, |Hup (2)|
My + vJMIL F{I,FMp, >

—1)(J+2))/?

_ ()
= [JJLF F{I,F)] ST

x[K(1) — D(1;11)],

(140)
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where

[JJ' I, FAF{ I F)
— (_)1+J+Il+12+2F{+FQ[(2Fl + 1)(2F11 + 1)]1/2

R OR 1 F F 1
J J L L L, F
x[(2J + 1) (2L + 1)L (L + 1)4J(J + V]2 (141)

ii) Homonuclear Diatomic Molecule. In a
homonuclear diatomic molecule of I; =1, the total nu-
clear spin states of the same [ can couple. The nonvan-
ishing matrix elements of the magnetic dipole interac-
tion are calculated from Eqgs. 95, 96, 108, 127, 128, and
129;

<°M £vJMOLIFMp| Y Hwup(n)|

n=1,2
31 £ wJ ML LIFMFp >

= [FJI]4J(J+ 1)G(1)’

<*My £ vJMLLIFMp| Y Hup(n)|
n=1,2

M, + v MLLLLIFMp >

= [FJI] [MTIH")@)—I/?K(I)

1 1
YOS AN Y
<*Mo £ vJMNLLIFMp| Y. Hup(n)|

n=1,2

M + vJMLLIFMp >
- [FJI]%[J(J+ Nk
x[K(1) — D(1;11)  (6)/*D(1;1 - 1)],
<°®M +vJMNLLIFMF| 3 Hup(n)|

n=1,2
My + vJMLLIFMp >
_ (J-1D(J +2]'?
=[FJ1] 8J(J+1)

where [FJ]] is defined by Eq. 131.

)" *D(1;11)],

[K(1) —D(1;11)], (142)

(E) Intensity of Hyperfine Lines. The ma-
trix element of the laboratory-fixed Ry component of an
electric dipole moment g between the hyperfine compo-
nents is expressed using Eqgs. 33 and C17 as

< ASZvJLL FiMp, |pr, |A'S' "' J L F{Mp, >
= > (MHH)RTMA

t=0,+1
P 1 F 1/2
x( _Me A M (@R +1)
X < ASZvJLFy || DX s_yur, | A'S' 2V T ILF] > .

(143)
From Egs. C10 and C18, we have

< ASZvJI F1MF, |pr,|A'S'E'v' J' I, FiMp, >
A 1

I1—Mp ~A'=5'
=6b55/655 61,1 (=)

x[(2F) + 1)(2F] + 1)(2J + 1)(2J" + 1)]*/?
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r 1 F F F 1 e
"( Mr, -\ —Mp ){ J J L tjoé,:ﬂ( )
1 0 J JI 1
x < Av|pr, |A'v >(A+Z' A —t)' (144)

(F) Hyperfine Structure of Alkali- Metal
Molecules. = When a molecule has an electronic an-
gular momentum, hence is in a state other than 1%,
the magnetic dipole interaction is comparable with the
hyperfine interaction found in atoms (10®* MHz would
be typical) and is usually much larger than the nuclear
electric quadrupole interaction. Whenever there is an
appreciable amount of an s atomic orbit in the wave
function of an unpaired electron, the hyperfine interac-
tion due to the Fermi contact interaction is expected to
dominate.'”

For Naj molecule of In,=3/2, the total nuclear spin
quantum number can take the values /=3, 2, 1, 0. The
nuclear spin functions are symmetric for odd I and an-
tisymmetric for even I Since the total wave function
must be antisymmetric for nuclei of half-integral spin,
the nuclear spin states of even I value are possible for
the symmetric rotational levels (odd J level in a !X+
state) and those of odd I value are possible for anti-
symmetric rotational levels (even Jlevel in a ! =7 state).
For a given J and I, F takes values of J+1, J+I-1, ---,
|J—1I|. In a '=+ state, the hyperfine structure of rota-
tional lines for even J value consists of 7+3 components
corresponding to /=3 and 1, while for odd J value it
consists of 5+1 components corresponding to /=2 and
0.

7. Zeeman Interaction

The Hamiltonian of the Zeeman interaction is written
as

Hz = —u-H

= —poHo + pt1H-1 + p-1H41, (145)

where p is the magnetic moment of a molecule. H is the
external magnetic field, po=p,, py1=F2"1/ Hpugptip,),
Hy=H,, and Hy,=7F2"Y2(H,+iH,). When the ex-
ternal magnetic field is along the Z axis, the compo-
nents in the molecule-fixed coordinates can be writ-
ten as Hy=D}yH, Hy1=D},H (see Eq. 33). The
Hamiltonian Hyz is then written as

Hyz = —[uoDgo — pr1Dp—y — pi—1Dp 1] H. (146)

(A) Zeeman Effect for Molecules Having Elec-
tronic Angular Momentum. The orbital angular
momentum L of electrons produces the magnetic dipole
moment pr,=—pplL, where pg is the Bohr magneton.
The spin angular momentum § of electrons produces
the magnetic dipole moment ps=—geupS, where g, is
the g value for an electron (g.=2.002319 for a free elec-
tron). The total electronic magnetic moment . is given
by

Hajime KATO
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te = —pB(L + geS). (147)

i) I State. There is a magnetic moment of
—upL associated with the orbital angular momentum
of electrons, and the moment is along the internuclear
axis. The Hamiltonian Hyz is written as

Hz = upHLoD}y. (148)

The Zeeman energies can be calculated from Egs. 18
and 148 as

<'M+vJM|Hz|'TU £ vJM >= LNBH.

JT+D (149)

The following matrix elements are also nonzero.

<M +vJM|Hz|'Tl FvJ + 1M >
1 [J(J+2)(J—M+1)(J+M+1)]‘/2 =
TUFD T +1)(2J +3) B

(150)

ii) 3=+ State. There is a magnetic dipole moment
of —geuupS associated with the electron spin angular
momentum, and the Zeeman interaction is described
by

Hz = gelerH[SoD(l)o - S+1D(1)_1 - S—1D3+1]. (151)

The matrix elements of Hz in the basis functions
[StoN=JJ+1M > and |3S+yN=JJM > have nonvan-
ishing elements only in 3x3 diagonal blocks of the same
value of N;

<3TtyN = JJ + IM|HzPSToN = JJ + 1M >
= (geps H)M/(J +1),
<3%tuN = JJ + IM|HzPSYoN = JIM >
1/2
= (gepnH) [J(J ?fi;éi%;% i 1)] / ;
<3ctyN = JJ 4+ IM|HzPSToN = JJ — 1M >
=0,
<3styN = JIM|Hz]*SYoN = JIM >
= (gepsH)M/J(J + 1),
<3%tyN = JIM|Hz|’SYoN = JJ — 1M >

B (J+1)(J+M)(J—M)]‘/2

- (ge#‘BH) [ J2(2J + 1) ’
<3ctyN = JJ - IM|Hz’SToN = JJ - 1M >

= —(geusH)M/J. (152)

If we neglect the small energy due to the spin-rotation
interaction and the spin—spin interaction, three levels of
the eigenfunctions

PetoN = JJ + 1M >
= [(J +2)/2(2J +3)]*/?
x([0F > 11> o> |J+11M >
ot >N-1>pw>|[J+1-1M >)
+[(J +1)/(27 +3)]*2|0" > |10 > |v > |J + 10M >,
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PetoN = JIM >
=272(j0* > 11 > jv > |[JIM >
0t >N-1>v>|J—1M >),
PEtoN =JJ - 1M >
=[(J - 1)/2(27 - )]/
x(jot > 11> jv> |J-11M >
HotS>S1-1>w>|J-1-1M>)
—[7/(2J = D]?10" > 10> [v > |J - 10M >, (153)

are degenerate. The eigenfunctions of a 3=+ state in
the presence of a magnetic field are

PS*uN = JMEz = 2upH >
_ [(J+M)(J+M+1)
2(J +1)(27 + 1)
[(J+ M)(J - M +1)
2J(J +1)
+ [(J—M)(J— M+1)1"/?
2J(2J +1)
PStoN = JME; =0 >
__ [(J+M+1)(J—M+1) 1/2
J+1D2J+1)
x|PLtoN = JJ + 1M >
+TJ—(J%|32+W =JJM >
J+M)(J-M
+ [( J(2J(+ 1) :
PetoN = IMEz = —2usH >
_ [(J—M+1)(J— M)]l/2
2(J +1)(2J + 1)
x[PstoN = JJ + 1M >
4 [(J—M)(J+M+l)
2J(J +1)
B [(J+M)(J+M+1)
2J(2J +1)

1/2
] PStoN = JJ+ 1M >

1/2
} PetoN = JIM >

PEtoN =JJ — 1M >,

1/2
] PotoN =JJ —1M >,

1/2
] PEtoN = JIM >

1/2

] PEtoN = JJ — 1M >,
(154)

and the eigenenergies are Fey+ ByN(N+1)+2upH,

Feyv+ByN(N+1), and Ee, +B,N(N+1)—2ugH, re-
spectively, where E., is the vibrational-electronic en-

ergy.

o Ey = 2ugH
i
I+l ————<LJ0
3¢t Neg 3 £ 2 E; = 0

J-1 ——&230%

IENNR

\‘\
Ey = -2pgH

iii) 3II State. The Zeeman interaction is described

by
Hz = pH[LoDgo — L+1Dg_1 — L-1Dg14]

+gepH[SoDgo — S+1Dg_1 — S-1Dg11].  (155)

Energy Levels and Line Intensities of Diatomic Molecules

3227

The nonvanishing symmetric matrix elements for wave
functions given by Eq. 24 are

< *Mp + vJM|Hz|’Tl; £ V' JM >

M
[2J(J + 1)]1/2°
<3 £ o' JM|Hz P £ 4'JM >

= gepn <v|v' > H

M
= meH 5y

<°I £ o' IM|Hz Pl £ " TM >

_ non M _ 1/2
—geMB<1)|U >HJ(J+1)[(‘I+2)(J 1)/2] )
<My £ 0" JM|HzPTI £ 0" JM >
2M
= (1 + ge)MBHm. (156)

(B) Zeeman Structure of Hyperfine Lines.
When a molecule consists of electrons with the angu-
lar momenta L and S and nuclei with the nuclear spins
I(n), the magnetic moment is given by

p=—up(L+gS)+ E grnyunI(n), (157)

where uy is the nuclear magneton and gj(n) is the nu-
clear g-value of nucleus n. The Zeeman Hamiltonian
with an external magnetic field along the Z axis is given
by the electronic and nuclear contributions;

Hz = Hz. + Hz,

Hze = —psH Y (=)' Do_¢(Lt + geSt),
t

Hz1 = —punH Y gi(nylo(n). (158)

Notice that the L and S are operators in the molecule-
fixed coordinates, and I and F are in the space-fixed
coordinates. Using Egs. C2, C10, C11, and C18, we
obtain
< ASEZJIFyMp,|Hze|A'S'E' J' L F{Mp, >
= Satp, D (~unH)(-)™ MR
t

(FllF{

X
-Mp, 0 Mg

) (_)11+J+F{+1

x[(2Fy + 1)(2F, + 1))/ { R OF 1 }

JJ L

J-A-Z J 1 J
) (—A—Z t A’+Z")

x[(2J +1)(2J" 4+ 1)]V2(< A|Le|A' >< 82|S'%" >
+ge < SZ|S|S'E >< A|A" >), (159)

< ASZJLFAMp, |Hzu(1)|A'S' 2" ' L F{ME, >

= 6010550551655 60 M (—pngr)H)
1MF,

F; 1 F
_\Fi—-Mp 1 1 Na+J+F1+1
x(=) 1(_MF1 : Mﬂ)()

F, F 1}
1

x[(2F1+1)(2F{+1)]1/’~’{I L 7

x[I (I + 1) (21 + 1)]/2. (160)
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In the weak-field case, the nuclear spin I remains cou-
pled to J, and the resultant F'is a good quantum num-
ber.

In the intermediate field case (i.e. hyperfine and Zee-
man energies are small compared to the rotational line
spacing), I and J interact more strongly with the field
than with each other. The matrix elements of Hy off
diagonal in X are of importance in the intermediate
coupling case.

i) 23X+ State of NaK. There is a magnetic dipole
moment associated with the electron spin angular mo-
mentum, and the one associated with the orbital angu-
lar momentum is zero. The magnetic dipole moment
due to the nuclear spin is much smaller than the one
due to the electronic angular momentum, and it can
be neglected. Hence the matrix element of the Zeeman
interaction is given by

< 01X JI,FyMp, |Hz|015' J' I, F{ MF, >

. Ro1 F
= (—geupH)(=)1~Mr 1 1
(ZgensH)(-) <—MF1 0 Mr

x (=) 0F 1 1)(2F + 1)]/2

I J Fy ’ 1/2
x{ LBy }[(2J+1)(2J +1)]

_ J 1 J
XZ(—)JE(*E . 2/)<12H51tH12/>.

(161)

The matrix elements of the Zeeman interaction between
the hyperfine levels S tuN=JJ+1IFM >, 2SN =
JJIFM g >, and ST uN=JJ —1IFM g >, which are de-
generate within the small energies of the spin-rotation
interaction and the spin—spin interaction, are

<3*vtuN = JJ + 1LIF MF|Hz|
82 tuN = JJ + LIF{MFp >

_gl1 J+1 R [(J+2)(2J+3) 1/2
- 1 F J+1 J+1 '

<3%YyN = JJ + LIF\Mp|Hz|>’SToN = JJIF{MFp >

_gl I J+1 R [J(2J+3)]1/2
- 1 F J J+1

<®v*tyN = JJ + 1IFi Mr|Hy|
89 *uN = JJ — 1IF{Mp >=0,
<38 9N = JJIF, Mp|Hz*SToN = JIIF{Mp >

__gll J R [2J+1]1/2
- v FoJ I+

<3%YwN = JJIF, Mp|Hg|
SvtuN = JJ — 1IF{Mp >
__B{I J R }[(J+1)(2J—1)]1/2

)

)

1 F J-1 J
<32tuN = JJ — 1IF; Mr|Hy|
SotoN = JJ — 1IF{Mp >
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=~B{I J-1 F }[(_‘];1_)(_2_‘]__1)_]1/2’

1 F o oJ-1 J
(162)
where
_ _\Fi—Mp FF 1 F
B = (—geusH)(-) (—Mp 0 Mg
x (=) TIHF (2R + 1) (2F] + 1))Y2. (163)

In the weak field, the magnitude of the Zeeman split-
ting can be expressed by the diagonal term in F.

<3%tyN = JJ 4+ 1IFMp|Hz|PSToN = JJ + 1IF Mg >

_gl1 J+1 F [(J+2)(2J+3)}1/2
- 1 F  J+1 J+1 ’

<3%YyN = JJIFMp|Hz|*SYoN = JJIF Mrp >
=_B{ I J F }[2J+1 ]1/2
1 F J (lJJ+1]
<*2toN = JJ — 1IFMp|Hz?SYoN = JJ — 1IFMFp >
=_B{ I J-1 F }[(J—l)(2J—1)]1/2
1 F J-1 J ’
(164)

where
B = (—gepH)(—)""7*F Mp[(2F +1)/F(F +1)]'/%. (165)

In the intermediate field case, F'is no longer a good
quantum number, but N is still fairly well defined (i.e.
hyperfine and Zeeman energies are small compared to
spacings between N levels). When the Zeeman energy is
not much smaller than the hyperfine energy, the second-
order perturbation theory must be used, or a complete
secular equation must be solved for larger fields. In a
magnetic field strong enough to decouple I and J, the
Zeeman effect is just the one found when no hyperfine
structure is present.”

ii) Zeeman Perturbation between d3II, and
¢33t States of Css. We shall consider the per-
turbation between the d3IIy and c3LT states induced
by the Zeeman interaction Hz. The eigenfunctions of
the 3II; and 3%+ states are given by Eqs. 24 and 21.
The nonvanishing symmetric matrix elements between
the 3IIy(+£vJM) and 3Lt levels are

< 3o+ vJM|Hz)’STo'N = J +1J + 1M >
[+ -M+1D)(J+M+1)]"?
- [ 2(J +1)(2J +1)(2J + 3) ] ’
<3y +vJM|Hz)’STW'N=J+1J M >
= M A
2(7+1)2J + )27
<M+ vJM|Hz’STW/'N=J-1J M >
=M 4
[2J(2J + 1)]1/2°7
<3Oy +vJM|Hz)’STW/'N=J - 1J - 1M >
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_ [(J— N = M)(J+M)]”2
2J(2J —1)(2J + 1) '
<3y — vJM|HzPST/'N = JJ + 1M >
_J+2 [(J—M+1)(J+M+1) 1/2
27 +3 2(J + 1)(2J + 1)
<3y —vJM|Hz|’ST'N=J J M >
M
=_—— A
[2J(J + D72
<3y — vJM|HzPST'N = JJ — 1M >
__J-1 [(J—M)(J+M)]1/2A
27 -1 2J(2J+1) '
<3y —vJM|Hz|’STo'N = J+2J + 1M >
1 [(J+2)(J—M+1)(J+M+1) WA
27 +3 2027 +1) ’
<3y —vIM|Hz’St'N =J - 2J — 1M >
_ 1 [(J— 1)(J — M)(J + M)
2J -1 2(2J +1)

where

A,

]1/2 A, (166)

A = up < (Mudy1)|(tups1) >< v|v’ > H. (167)
J+3

J+2 N=J+2

J+1

O H

J+2
J+1 N=J+1

\
D

’
hO
‘-ltllll

J=-2 N=J-2
J-3

"o M
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Appendix A. Angular Momentum

A.1 Coupling of two Angular Momenta. We
consider a system in which the total angular momentum
J is the sum of J; and J2. If an interaction between the
two parts leaves the individual angular momentum and the
z-component as a constant of motion, a complete set of the
eigenfunctions |71 j2m1ma> of H, B2, N1z, J3, and Jo, satisfy

JZ|jijamime >= j1(j1 + 1)|j1jamams >,

Jiz|jijamims >= miljijemime >, (A1)

and similarly for J% and Jz..
A complete set of the eigenfunctions |jij2JM> of H, J3,
B2, J?=(J1+J:)?, and J,=Ji,+ J2, satisfy

T2 j1jad M >= J(J + 1)|j1j2I M >,

Je\j1j2d M >= M|j1j2JM >, (A2)
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while J? and J2 have the same eigenvalues as Eq. Al. The
unitary transformation connecting these two representations
[J1j2d M >
= Z |j1j2m1m2 >< j1j2m1m2|j1j2JM >,

mimo
[J1j2mima >

= Z |j1j2JM >< jlngM|j1j2m1m2 >, (A3)
JM

defines the vector-addition coefficient (sometimes called a
Wigner coefficient or Clebsch-Gordan coefficient). It satis-
fies

< jlszM|j1j2m1m2 >=< j1j2m17I’L2|j1j2JM >. (A4)
For brevity, we shall write as:

< jijemama|jije I M >=< jijamima|JM >,

< jlszMlj1j2M1m2 >=< JM|j1j2m1m2 >

A.2 Clebsch—Gordan Coefficients and Wigner 3-j
Symbols. The Clebsch-Gordan coefficient (Table 2) is
defined by the transformation

|abey >= Z labaB >< abafB|cy >,
af

< abafBlcy >=0 unless a+ 3 =1.

b
Y

(A5)

The Wigner 3-j symbol ( Z
efficient by

fy ) is related to CG co-

)
,y b

(A6)

<abafle — v >=(=)*""(2c+ 1) ( o5

(Z Z :,):0 unless a+pg+v=0.

Symmetry of the 3-j symbol (Table 1):

(2 % 5)=er(a g g) w

Invariant under cyclic permutation of its columns:
( a b ¢ ) _ ( b ¢ a )
a B v B v a)
Multiplied by (—)®*%*¢ upon interchange of two adjacent
columns:

(a b c)z(_)a+b+c( b a c)'
a B ~ B a v

A.3 Rotation matrix Elements.
is defined by

(A8)

(A9)

The rotation matrix

Din = e~ Md}yn (B)e™ ™. (A10)
Symmetry:  (Din)* = (=)™ ¥D? i n. (A11)
Sum rule: (A12)

ZDIJVIM/(DJJVM')* =0mnN.
Ml

/ DC. DA, DB, sin B dfdady

=87‘(2(A B C)(A B C).(AI:})

a b ¢ a b

A.4 6-j Symbols and Racah Coefficients. 6-j symbol
is defined by
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{ a b e }=(_)“+"+C+"W(abcd;ef), (A14)

d ¢ f

where W(abcd; ef) is the Racah coefficient.
Symmetries: The 6-j symbol is invariant for interchange
of any two columns.

favsy={asiy={f it
(A15)

The 6-j symbol is invariant for interchange of the upper and
lower arguments in each of any two columns.

a b el _fa c f c
{aeit-{asit={0i i}
(A16)
Triangular Conditions (For given j; and j2, the values
of J are restricted by ji+j2>J>|j1 —jz2|): The six angular
momenta in the 6-j symbol must satisfy the four triangular
conditions

0O—0-—0 o o o
GRS H QY S A R &
(A17)
Explicit formulae

b b 1 b ¢
c c a }={ (; c b }
= (o) H bb+1)+c(c+1)—ala+1)
- [6(2b + 1)(2b + 2)c(2¢ + 1)(2¢ + 2)]1/2’

b b 1 b
{c c—1 a}={(1lc—1§}
~ () 2(s + 1)(s — 2a)(s — 2b)(s — 2c + 1) ]*/2
=(- 2b6(2b + 1)(2b + 2)(2c — 1)2¢c(2c + 1)) °

b-1 b 1 b
{ c c—1 a}_—'{g’ c—1 bfl}

_(_ s(s+1)(s — 2a — 1)(s — 2a) 1/2

=) [(2b =1)2b(2b+ 1)(2¢ — 1)2c(2c + 1)] )

{btl c—lzl (11}={‘11 cfl b:l}
=E(—s)—%—1)(s—2b)(s—-2c+1)(s—2c+2)]l/2’

(2b+ 1)(2b + 2)(2b + 3)(2c — 1)2c(2c + 1)
(A18)

where s=a+b+c.

Appendix B. Transformation between the
Laboratory-Fixed Coordinates and the Molecule-
Fixed Coordinates

The laboratory-fixed coordinate R and the molecule-fixed
coordinate r are related by

T cos v siny O cos B 0 —sing
y | =| —siny cosy O 0 1 0
z 0 0 1 sin@ 0 cospf

cos @ sina 0 X ~ X
x| —sina cosa 0 Y |=M{Y |, (Bl
0 0 1 A A

where
cos 7y cos  cos a —sin 7 sin o
M=| —sin+y cos 8 cos o — cos 7y sin o
sin 3 cos a

Hajime KATO
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cos v cos B sin & +sin y cos @ —cos v sin 3
—sin 4 cos 3 sin & + cos 7y cos o sin « sin 8
sin G sin cos 3
(B2)

The Cartesian and spherical basis are related by

T+1 T
(ro )=ﬁ(y), (B3)
where
-1/v2 —z/«f 0 )
1/vV2 —z/\/_ 0
(B4)
Hence,

T
Y
z

(—1/\/_ 0 1/v2
o (HE )
() -o(z)-o

“ )

~ ~ +1
=m0~ Ro (B5)
R,
oMU = ‘
omia 1+ cos ﬁe_,-,y sin ﬂe'” i 1 — cos ﬂe"”
T2 Vz 2
_g—ia i B cos 8 iasin B
V2 .
—ial—cos B sin 8 ial+cos B iy
e ———¢ ———e ef———e
2 V2 2
(B6)
D,l\t =
e—ia 1+ cos ﬂe—i'y _e—ia sin ,B e—ia 1 —cos :Bew
2 V2 o2
sin 'Be‘i“’ cos B _sin ﬁe,-.,
ial—COSﬁ -1y iaSinﬁ ial"rCOSﬂ iy
et ———e e 73 e 5 e
(B7)

Appendix C. Tensor Operators and Their Ma-
trix Elements

A general spherical tensor Ty of rank k is defined as a
quantity represented by 2k+1 components Ty, which trans-
form according to the irreducible representation D of the
rotation group

Thy = ;Tka';q(aﬁ'y). (C1)

Wigner-Eckart Theorem.  When the state vectors are
eigenfunctions of JZ and Jz, the matrix elements of a tensor
operator are given by

< aJM|Tkold I M' >
J—M J K J
=) M Q M
x<al|| Tk | a'J >,

) (27 +1)1/2
(C2)
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Table 1. Algebraic Formulae for the 3-j Symbols with c¢=1

J+1 J 1 J J+1 1

( -M-1 M 1 ) ( -M M+1 -1 )
J J 1 _ J J 1

( -M-1 M 1 ) - ( -M M+1 -1 )
J-1 J 1 _ J J-1 1

( -M-1 M 1 ) - ( -M M+1 -1 )
J+1 J 1 _ J J+1 1

( -M+1 M -1 ) - ( -M M-1 1 )
J J 1 _ J J 1

( -M+1 M -1 ) - ( -M M-1 1 )
J-1 J 1 _ J J-1 1

(oienoar 5) = (o oan 1)
J+1 J 1 _ J J+1 1

( -M M 0 ) - ( -M M 0 )

J J 1

( -M M 0)
J-1 _ J J-1 1

( -M - ( -M M 0 )

J

N—”
Il

" [5@757)
J+1

—
— et e O
N——

N—r
I

(=) [2(2J—1)(2J+1

[ (J4+M+1)(J+M+2) ]1/2
| (2J+2)(2J+1)(27+3)
(oyI-MH [<J-M)<J+M+1)} V2
2J(J+1)(2J+1)
[(J—-M—1)(J-M)]*/?
[ 27(27—1)(2J+1) |
[ (J—M+1)(J-M+2)1Y/?
_(2J+2)(2J+1)(2J+3)]
(J+M)(J-M+1)1Y?
[ 2J(J+1)(27+1) |
[(J+M—1)(J+M)]
| 2727 =1)(2J+1) |
(<)P M [(J—M+1)(J+M+1)] 1z
(J+1)(§2[I+1)(2J+3)

(=)™

(=)™

(=)™

(=)*M

J-M 1z
(=)~

(_)J+M+1
[J(T+1)(2T+1)]1/2

(_)HM[ (J=M)(J+M) ]”"’
J(2J=1)(2J+1)

J+1 1/2
=) [2(2J+1)(2l{;-3)]

)]1/2

1/2

((gJ J—}l 1})) : E:: {%
0 -1 1 2(2J+1) "
J J-1 1 o J-1
(0 -1 1) = ) [2(2J—1)(2J+1) "
(éJngl%) = ™| @Eners)
000 =0
(gJ JJ811 (1)1) - [Wj@j?]m /2
( -1 0 ) = (—)J[(J+1)(3E7:1))(2J1%3)]

()’ JT+1)(2T+1)

(=)7+ [ (J-1)(J+1) ]”2
J(2J-1)(2J+1)

where <aJ||Tk|la'J > is independent of M and called
the reduced matrix element. The reduced matrix element
(JITx||J) defined by Edomonds'® is related to ours by the
equation

INTll T)=@I+ D2 < T | T || I >.

If R, and Sy, are irreducible tensors of rank k1 and k2
respectively, the product tensors are defined by

Tr(Riy, Sky) = (2K + 1)1/? (=) +K-9
K k k
X Z ( Q _,;1 _;2 )Rkunskzqz- (03)

4,49,
The scalar product of two vectors of rank k is given as

Rk-Sk = D _(—)"RkqSk—q
= (=)*(2k + 1) *Too(Rx, Sk). (C4)

We can derive various relations:

Too(R1,51) = —(R°S)/(3)1/2,
Ti(Ri,S1) = i(Rx 8)o/(2)"*. (C9)

If tensors Sy, and O, commute

Tr (ReysSkz) Tr (Oks, Pry)

= (2K + 1)(=)""* 3" W (kikoksks; KK')
KI
XTKI(Rkl,Ok3)'TKI(Sk2, Pk4). (06)

For position (R) and angular momentum (.S and J) vectors,
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T2(J1,d1)-T2(J2, J2)

= (J1+d2) + (1/2)(J1-J2) — (1/3) 12052,
T2(51,52)-T2(R,R)

= (81°R)(S2'R) — (1/3)(81-82) R?,

= —(10/9)"/2R?S,-T1(C2,S2)

1 1 2
= (10/3)1/2 ; ( — ) Sl1pS21q—pCZ—‘1'
(C7)

For the tensor operators Ry and Si acting, respectively
on subsystem 1 (characterized by the angular momentum ji)
and subsystem 2 (characterized by the angular momentum
J2) of a system, the matrix elements of the scalar product of
these two tensor operators in the coupled basis of J =3 + 752
are given by

< j1j2J MRS |j1jad M’ >
=67 08mm (=) (2k +1)Y/2
x < jij2J || To(Re,Sk) || 5152 >
= 8556mmr < jrjaJ || Re-S || j1gad > . (C8)

< jijed || RieSk || ijad >= (=)/itiz+7

Ly
i1k } 21+ 1)(245 + 1)/2
{28 K @i+ 0e+ )

x <1 | Re Il 51 ><ja Il Sk Il 42 >, (C9)
where the symbol in braces {} is the 6-j symbol. For the
tensor operator Ry acting only on the space of subsystem 1,
the nonvanishing matrix elements are

< jijed || Rk || jigad’ >= 5j2jé(_)jl+j2+.]'+k
; J J ok
x@r +nea -+ 5 T 2
(27" + 1)(251 + 1)) o
x <gullRe [l 51> (C10)

For the tensor operator Sy acting only on the space of sub-
system 2, the nonvanishing matrix elements are

< 1ged || Sk || j1jad’ >= &, 50 (=) AT+
"k
"+ 1)(25 1/2{ oIk }
x[(2J" +1)(272 + 1)] b oda g
x <z | Skl ja > . (C11)
Basic reduced matrices are;
<JTNINT >=68;0[I(J +1)]/?,
< jrjed || Ji-d2 || jijad >
= 85,51 65,51 [J(J +1) = j1(j1 + 1) — j2(j2 + 1)]/2,

I ot 2, i f J kT
<TG >=pI + 17 (5 6 0 )-
(C12)
The modified spherical harmonics
Cim = [41/(25 + 1)]**Yjm (C13)

is an example of spherical tensors of rank j. Cj, is a special
case of the rotation matrix:
Cim = Do’ = (=)"D

—m0*

(C14)
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Table 2. Clebsch—Gordan Coefficients

<1/2 1/2 | 0 1/2 0 1/2> = 1,
<1/2 -1/2 | 0 1/2 0 -1/2> = 1,
<1 1| 1/2 172 172 1/2> = 1,
<1 0| 1/2 1/2 1/2 -1/2> 1/(2)Y2,
<1 0| 1/2 1/2 -1/2 1/2> = 1/(2)Y?
<1 -1 | 1/2 1/2 -1/2 -1/2> = 1,
<0 0 | 1/2 1/2 1/2 -1/2> = 1/(2)V?,
<0 0 | 1/2 1/2 -1/2  1/2> =-1/(2)Y/?
<3/2 3/2 | 1 1/2 1 1/2> = 1,
<3/2 1/2 | 1 1/2 1 —1/2> = 1/(3)'/?,
<3/2 1/2 | 1 1/2 0 1/2> = (2/3)V/2
<3/2 -1/2 | 1 1/2 0 —1/2> = (2/3)V/?
<3/2 -1/2 | 1 1/2 -1 1/2> = 1/(3)?
<3/2 =3/2 | 1 1/2 -1 -1/2> = 1,
<1/2  1/2 | 1 1/2 1 -1/2> = (2/3)Y/2,
<1/2 12 | 1 1/2 0 1/2> =-1/(3)Y/2
<1/2 -1/2 | 1 1/2 0 -1/2> = 1/(3)'/2
<1/2 -1/2 | 1 1/2 -1 1/2> =-(2/3)/?
<2 2 | 1/2 3/2 1/2 3/2> = 1,
<2 1| 1/2 3/2 1/2 1/2> = (3/4)2
<2 1| 1/2 3/2 -1/2 3/2> = 1/2,
<2 0 | 1/2 3/2 1/2 -1/2> = 1/(2)Y/2,
<2 0 | 1/2 3/2 -1/2 1/2> = 1/(2)Y?,
<2 -1 | 1/2 3/2 1/2 =3/2> = 1/2,
<2 -1 | 1/2 3/2 -1/2 —1/2> = (3/4)'/?,
<2 -2 | 1/2 3/2 -1/2 -3/2> = 1,
<1 1| 1/2 3/2 1/2 1/2> = 1/2,
<1 1| 1/2 3/2 —1/2  3/2> =—(3/4)?,
<1 0 | 1/2 3/2 1/2 —1/2> = 1/(2)V/?,
<1 0 | 1/2 3/2 -1/2 1/2> =-1/(2)"/?,
<1 -1 | 1/2 3/2 1/2 —=3/2> = (3/4)'/2,
<1 -1 | 1/2 3/2 -1/2 -1/2> =-1/2.
Symmetries

< IM|jijamime >=< jijomima|JM >,

< jijemama|JM >
= (=) < Gagimama |[TM >,
< jrjamima|JM >
=[(2J +1)/(2j1 + 1)]*/?
x (=)™ < Jjy — Mma|js — my > .

Using the Wigner—Eckart theorem,

< JOM|Cjm|J' 2'M' >
=< JQM|(=)"DL,  |J' 2'M >

=™ (

From Eq. 3

-M m M

J

i J

X <JR|GC|JR>.

)(2J+1)1/2

(C15)

|[J2M >= (—)M~?[(2] +1)/87%]"/?D’ \, o,
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Table 3. Matrix Elements of Rotation Matrices D,l,q

<J 0 M|D}o|J 0 M>=0
M

1 —
<J £1 M|D§o|J £1 M>—:i:J(J+1)

<J +2 M|D}o|J £2 M>—:|:—————J(J+1)

<J 0 M|D}olJ+10 M>=[(

<J +1 M|D}o|J+1 +£1 M>=

J—M+1)(J+M+1)]1/2
(2J+1)(2J+3)

il
J+1

J(J+2)(J—M+1)(J+M+1)] /2

(2T+1)(27+3)

<J +2 M|D}o|J+1 £2 M>=

<J 0M|D§|J 1 M>=

|
J+1
M

(J—1)(J+3)(J—M+1)(J+M+1)] 1/2

(2J+1)(27+3)

TRIT+D]2

<J 0 M|D§|J+11 M>=[

<J

(J+2)(J—M+1)(J+M+l)]1/2
2(J+1)(2J+1)(2J+3)

0 M|D};|J-11 M>=—[

<J 1 M|D{|J 2 M>=~

(J—l)(J—M)(J+M)] 1/2
2J(2J-1)(2J+1)

M
J(J+ 1&[

<J 0 M|Dj_4|J =1 M>=

<J

(J+2)(J—1)]1/2

2

BRI+

0 M|D§_,|J+1 —1 M>=[

(J+2)(J—M+1)(J+M+1)]1/2
2(J+1)(2J+1)(27+3)

<J 0 M|D{_,|J-1 -1 M>=-—[(
M

J—-l)(J—M)(J+M)]1/2
2J(2J—-1)(2J+1)
(J+2)(J-1)

—1 M|D§_1|J =2 M>=
<J 1Do-1l >=70+D)

172
R

< JOM|=[(2J +1)/87%)"*Di; 0.
Using Eq. A13, we have (Table 3):
<JOQM|D, _ |J'2'M >
= (M @I+ 1)@ + 1)

I J g
(g 3 M’)(—-Q S ). €

Similarly to Eq. C15,
< JOM|(=)"D,,_ | 2' M >

X <JR| (=)D I T2 >, (C17)

where
<J2|(=)"DL Il T2 >
o NI=2 o 1/2 J 5 J
— ()" 2T +1) (_Q ! Q) (C18)

In the spherical basis, the vector A has the three compo-
nents:
Ay =—(2)7%(A: +1iAy),
Ag = A,,

Ao = (2)7Y* (A, —iA,). (C19)

These are the components of spherical tensor A; of rank 1
(A14+1=A+1, A10=40, A1-1=A1).
A-B = —-A1B_1+ AgBy — A-1B41

= ABy + AyBy + A, B.. (C20)

The three components of the angular momentum J are

Ji1 = —(2)7 V2 (Ux +idy),
JO = JZ:

Jo1=(2)7Y2(Ux —iJy). (C21)

Therefore,

Je1|IM >=~[(J = M)(J + M +1)/2]"*|IM + 1 >,

Jo |JM >= M|JM >,

JolIM >=[(J+M)(J - M+1)/2"*IM -1 > .
(C22)

Note that A41 defined by Eq. C19 is different from L4, S+,
and Jy defined in 1. (A).

Sq1=—(2)71%8,,
L =—(2)7"%Ly,
Ji=—-(2)7y,

S_1=(2)7?%s_,
L= YL,
Jo=(2)7 V2.

<8 T +1|841|SZ >=F[(SF L)(S + £ +1)/2)*/?,
< L A+ 1)|Lgi|LA >=F[(LF AL+ A+1)/2]*?,

<J RF1UJu1]|J02 >=F[(J £ 2)(J F 2+1)/2]"/%,
Syil1/2 —1/2 >=-2""21/2 1/2 >,

S_1]1/2 1/2>=2"31/2 —1/2 >,

S41|l 0>=—]1 1>,
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S+1|1 —1>=—1 0>,
S_1|1 1>= |1 0>,

S_4l 0>=]1 —1>. (C23)
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